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Abstract

General formula for causal Green’s function of linear differential operator of given
degree in one variable, (9" + ZZ;& Py (2)0%), is given according to coefficient functions of
differential operator as a series of integrals. The solution also provides analytic formula
for fundamental solutions of corresponding homogenous linear differential equation, (89[?—1—
Zz;é Pi(2)0F) y(z) = 0, as series of integrals. Furthermore, multiplicative property
of causal Green’s functions is shown and by which explicit formulas for causal Green’s
functions of some classes of decomposable linear differential operators are given. A method
to find Green’s function of general linear differential operator of given degree in one
variable with arbitrary boundary condition according to coefficient functions of differential
operator is demonstrated.

1 Causal Green’s function for linear differential opera-
tors in one variable

Initial value problem for inhomogeneous linear differential equation of degree n
in one variable,

07+ Pe(0)) y(a) = g(x), 1)
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can be converted to Volterra’s integral equation of second kind [see [3]]. For
initial condition d/y(a) = 0 for i = 0,1,..,n — 1, the corresponding Volterra’s
equation is given by;

u(x) + /ﬂf dz K(z,z)u(z) = g(x),

n—k—1

where K (z,2) = (31, Pk(w)%) and y(z) = [V dz%u(z) For

g(z) € L?[a,b], the condition (f(f fab dx dy |K (z,y)|?) < oo is sufficient condition
for existence of unique solution in L?[a,b|, given by iteration (e.g. see [2]).
Clearly this conditions can be satisfied if P;(x) (¢ = 0,1,...,n — 1) and g(x)
functions are taken to be continuous on [a,b]. Therefore we can state the
following theorem;

Theorem 1 The Green’s function for inhomogeneous linear differential equa-
tion (92 + ZZ;(l) Py(z) 0F) y(z) = g(x), where Py(z) (i =0,1,...,n—1) and
g(z) are in Cla, b], with the boundary condition; 'y(a) =0 fori=0,1,..,n—1,
1S given by;

Gley) = 0w~ ) (G + [ 4 S mew). )

R(x7y):h(x7y>+2/ le/ de"'/ 7 dz-—1 h(z, 21) h(21, 22)
y y y

o h(zony),  (3)

n—k—1

and h(xz,y) = —ZPk(x)((i__i)_ DIk
k=0

linear differential equation (1) for x € la,b] is then given by y(x) =
[ZdzG(x, 2) g().

The solution to inhomogeneous

Proof. In order to prove (2) is Green’s function of (1) it is enough to prove
that for the two variables function;

T(x,y) = (% + /y " % R(z, y)>, (4)
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we have (9" + S Py(2)0%) T(z,y) = 0 and (9;T(z,y))|sey = 0 for i =
0,1,..,n—2 and (9" 'T'(x,y))|s=y = 1 [e.g. see [1]]. This can be easily done
by noting;

0T (x,y) = <((f1_—?i)i_;' —I—/: dz ((i__zz)i_i; R(z,y)> i=0,1,..,n—1 (5)

0, T (x,y) = R(x,y),

and therefore,

n—1 n—1 Pk: . )n—kfl
(O + 3 Pu()b) T(a,v) = )+ 1
k=0 k=0 (n—k—1)

_ n k—1

2 /ydz =k _1)!R(z,y)

— Ry - bley) - [ debln) Ry

Y

- R(l‘,y)-h(ﬂ?,y)— (R($,y)—h($,y)) =0.

In the last line we used fyx dz h(z,z) R(z,y) = (R(z,y) — h(z,y)), which
comes from definition of R(z,y). By using (5) we have (9!T(x,y))|z=, = 0 for
i=0,1,..,n—2and (0T (x,y))|s=y = 1.

The Green’s function for (1) with mentioned boundary condition is called
causal solution which by method of variation of parameters is given by;

Gle.) = (30 )0t ), )

where u1(x), us(z), ..., up(x) are fundamental solutions of corresponding ho-
mogeneous differential equation; (0. + ZZ;(l) P(2)0%) us(x) = 0. W(y) is the
Wronskian and W;(y) is the Wronskian with its i column in determinant is
replace by (0,0, ..,0,1). Comparing this result with (2) we have the identity;

Wiy wi(z) _ (@—y"" /x (z—2)""
= + | dz—— R(z,y). (7)
; W(y) (n—1)! y (n—1)!
For linear differential operator of first degree (n=1), like 0, — P( ), the
causal Green’s function using [theorem 1] is equal to; (9, — P(z))™' = 6(x —
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(14 S0 f o o [ g [ do P(2) o Pl 1) P(2) ) =
B y)(l N k' 2ok 1f fy fy dzi - dz_1dz P(21) P(Zkl)P(Zk)> -

)

(

(x —y)e Jy #P() " For linear differential operator of degree two in the form
f; (02 — P(z)), the causal Green’s function by using [theorem 1] is given by
(2,90 — y) where

o0 T Zk—2 Zk—1
ta) = {w-n+ 3 ([ dae [dan [T
k=1 Yy Yy Yy

(= 2)P(2)(51 — 2)P(2) (22— )+ (51 — 20P(a) (5 —9) ) b (8)
For example (02 —z) ' = 0(x —y) (v —y) +0(x —y) fyx dz(x—z)z(z—y)+€(x—
f dtf dz ((z —t)t(t — 2)z(z — y)) +---=9(m—y)((m—y) + (Jf—;— (Z;w +

(zy®) o T @Sy @Y @y @) T Ch s -
== E) + (ﬁ — Gttt — o0 — m) + .-+ ), which is consistent

—Ai(z)Bi(y) + Ai(y)Bi(x)
Ai(y)Bi'(y) — Ai'(y)Bi(y)

Yy

> D

0]

3

with solution (92 —z)™ ! = 0(z — ?/)(

) derived by (6).

It can be seen from (2) that if P;(z) (i =0, 1,...,n—1) functions are smooth
on [a, b] then T'(x,y) is smooth function on [a, b] X [a, b], in which case we state
the following theorem;

Theorem 2 If Ti(x,y)0(x — y) and Ty(z,y)0(x — y) are causal Green’s func-
tions for linear differential operators Oy(z,8,) = (92 + S Py(2)0%) and
Os(z,0,) = (0 + S qr(2)0%) respectively (assuming Py(z)’s and g;(z)’s
functions are in C*®|a,b]) then T3(z,y)0(x — y) where,

T3(x,y) = /x dzTy(x, z) Th(2,y), (9)

is the causal Green’s function for linear differential operator Os(x,d,) =

01 (.%‘, am)02($, 83;)

Proof. By assumption; O;(z,d,) Ti(z,y) = 0 and (0/T1(x,y))|s=y = O for
i =20,1,..,n— 2 and (6;‘*1T1(x,y))|m = 1 also Oy(z,0,) To(z,y) = 0 and
(0T (2, y))|sey = 0 for i = 0,1,..,m — 2 and (0" 1Ty(z,y))|s—y = 1, therefore
we have;
0, Ty(z,y) = / dz (9;(To(x,2))) T(z,y), i=0,1,..,m—1 (10)
y
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0, Ts(x, y) = Th(z,y) +/w dz (0;"(Ta(x, 2))) Ta(2, y), (11)

0.Ta(ae,y) = 03" (Ti(w.9)) + 05 [ de (07(Ty(x, ) Ti(=)).
i=m+1,.m+n—1. (12)

Concentrating on the second term in (12), we have for k =1,2,..,n — 1;

OF( 7 dz (9 (Ty(w, 2))) Th(=,p)) = {zﬁg ag((a;wleQ(x,Z)””
Ti(z,y )} + ([7 dz (01 H(To(x, 2)) Ti(=,9))
— (0 () (@ T, 2)) o 00 T, ) )}

(fy dz (0" M (Ty(w, 2))) Ti(2. y)) (13)
From (10),(11), (12) and (13) we have (9/T3(z,y))|s—y = 0 for i =
0,1,....m+n—3m+n—2and (0" 1T3(x,y))|s=y = 1. On the other
hand;
Oq(x,0,)T5(x,y) = 8m—|—2qk / dzTy(x, 2) T1(z,y)

- am(/ dz 0" 'Ty(x, 2) T (2, y))

[ (et ) i

= Ti(z,y)+ / dz Oy(x,0,)To(z, 2)T1(2, y)

X

Therefore O4(x, 0,).Os(x, 0,)T5(x,y) = O1(x, 0,)Ti(x,y) = 0.

The following corollary comes as a consequence;

Corollary 1 Causal Green’s function for differential operator,

O(x,0,) = (0y — p1(x)) (0r — pa(x)) -+ (02 — pu(2)), (14)
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where p;(x) € C®[a,b] (fori=1,...,n)is given by;

G(QT, y) = e(x — y) fyx le fyZ’l dZQ - fer—Q dZn_1(6f:1 dty, pn(tn)

efj; dtos prs(tnr) ef;nfl dt pl(tl)) (15)

For example for differential operator O(z,9,) = 02 + 320, + (22% + 2),
since (0, + z)(0; + 2x) = 92 + 320, + (22* + 2), by using result (15) one gets

G(a,y) = /5 ¢ {Erf(Z) — (Exf(£))} 6(x — ).

Corollary 2 Causal Green’s function for linear differential operator ;
Ox,0,) = Y a0y, (16)
k=0

where ay € C and o, # 0, is given by;

6 _ z 21 Zn—3
G(x,y) = % / dzl/ dZ2"‘/ dzp—2
n y y y

/Zn2 dz, 1 6(51 (:c—z1)+52(21*22)"'+ﬂ"(2"717y))a (17)
Y

n
where By, Pa- -+ By are n complex roots of equation Z ;X' =0.
i=0

Proof. Differential operator O(z,d,) = Y i, a;0., according to Funda-
mental theorem of algebra, can be written as, Y ., ;0! = a, (0, — 1)(0r —
Ba) -+ (0r — Br). Therefore by using (15) the result is proved.

For example (0?2 — W)™ ! = 60z — y) fyxdzle(w(xle)*“(zlfy)) =
%@_y)e(x — y) and also (92 — iad? — W20, + iaw?)™! = Oz —
T z1 w(r—21)—w(21—22)+ia(z2— _ ew(@—y)_gialz—y)

o) [F dea ([ deeletemtamsiaanil) = ga - (S
sinhjw(z—y)] )
iawtw? J°

Let us consider a differential operator in the form of

O(z,0,) = —0* +v(x). (18)
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By decomposing it into two firs degree differential operators; —(9? — v(z)) =

—(0,—p(2))(9x—q(x)), we have consequently g(z) = —p(z) and p(z)*—d,p(z) =
v(x). Therefore according to (15) the causal the Green’s function is given by;

(=& +o(x) " =0z —y) / dzel IO ARO) (1)
Yy

where p(z) is solution for first order nonlinear differential equation p (z)* —
d:p(xz) = v(z). This is just Riccati equation, thus the answers to p(z)? —
O0.p(x) = wv(x) are given by solutions of homogenous differential equation
(=02 4+ v(z))ur2(x) = 0 where p(z) = —(%) Inserting p( ) = —(%) into
solution (19), we have; ( — 82 + v(z ))71 = Q(x — y)ur(x f dz(
Considering the relation us(z) = uy(z) [ dz 2 (valid for homogenous dlffer-

ential equation (=92 +v(z ))ul,g( ) =0) the solutlon (19) becomes the standard
solution, (— &2 + U(m))f1 = —0(z —y) (u2(x)u1(y) — ul(x)u2(y)>

Considering [theorem 2] one can introduce the following infinite non-abelian
group of operators on a subspace of C*[a, b]. We call it ”Lalescu Group”;

e Lalescu Group. The Group of differential operators of the form;
(@f—l—zz;é Py(2)0%) of all finite order, n > 0, where Py(z) € C®[a,b] (for
k=0,1,..,n-1) and their corresponding causal Green’s functions G(x,y) =
T(x,y)0(x —y) (given by (2)), on subspace of C¥[a,b] consisting of func-
tions which themselves and their derivatives to all orders are zero at x = a,
creates non-abelian group with operators multiplication.

Beside all differential operators O(z,8,) = (9} + S Py(2)0%) and
their causal Green’s functions G(z,y) = T'(x,y)0(z — y), the group also con-
tains integro-differential operators and their inverses, coming from mixing
these two groups of operators. For example O;(x,0,).Ts(x,y)0(x — y), act-
ing on ¢(z) in the function space as Oi(z,d,)( [ dzTa(z, 2)¢(2)), and its
inverse Oq(x,0,).T1(z,y)0(x — y) (where O; (z,0,) = Ti(z,y)d(x — y) and
03 (x,0,) = Tz, )0z — ).
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2 Green’s function for linear differential operators in one
variable with other boundary conditions

In previous part the causal Green’s function was derived according to coefficient
functions of linear differential operator, here in this part it is shown that Green’s
function of general linear differential operator, for other boundary conditions on
[a, b] (e.g. Sturm-Liouville problem), can also be derived according to coefficient
functions of differential operator. First we note that homogeneous linear differ-
ential equation of degree n in one variable, (0 + ZZ;(l) Py(2)0%) u(x) = 0, for
initial condition 0} u(a) = ¢; for i = 0,1,..,n— 1 can be converted to Volterra’s
integral equation of Second kind (see [3]) as; (u(z)+ [ dz K (, z) ,u( )) = S(x),

r—2)" k—1 n 1
where K(z,z) = ( Pk( )%)7 u(z) = D(x) + f dz' 25 n— 1)' p(z),

)Lk

D(x) = Z;éw and S(x) = =Y, Zk 0 ZPk i—k)! . Therefore we
state the following theorem;

Theorem 3 The solution of homogeneous linear differential equation (Qf +

Z;é Py(z) OF) u(m) = 0, where P(x) (i =0,1,....,n— 1) are in Cla,b], with
initial condition; Olu(a) = ¢; fori=0,1,..,n—1, is given by

u(x) = D(z) + /fﬂ dzT(x,2)S(z), (20)
L en(z — )t U z)(x —a)F
where D(a) = 3 H 0" o Y and S(z) = ¢, D ()Z(_ k)|)
k=0 ’ i=0 k=0 '

It is easy to check that for boundary condition; dfu(b) = ¢; for i =
0,1,..,n— 1 the answer for homogenous differential equation in Cla, b] is given
by (20) in which a is replaced by b. One can derive solutions of homogenous
differential equation, with specific boundary conditions on either a or b, by
using (20). By substituting solutions of homogenous differential equation with
suitable boundary conditions (derived by (20)) in to the expressions for Green’s
functions given by method of variation of parameters, one can derive the Green’s
function according to coefficient functions of differential operator. For example
the Green’s function for Sturm-Lioville problem:;

(07 — P(2))y(z) = g(x),  B.C. yla)=y(b) =0, (21)

by method of variation of parameters is given by; G(z,y) = (W(y))™
(w1 (z)ua(y) O(y—2) +us(z)ui(y) 6(z—y)), where us(z) and us(z) are answers of
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corresponding homogenous differential equation, W (y) is the Wronskian and we
have u1(a) = uz(b) = 0. If we take B.C. uy(a) = 0 and 0,u1(a) = 1 then accord-
ing to (20); we have ui(z) = (x —a) + [ dzTi(z, 2) P(2)(z — a) = Ty(x,a) (The
function Ty(x,y) is given by (8)). On the other hand by taking B.C. uy(b) =0
and O,us(b) = 1 we have uy(x) = Ty(z,b). The Wronskian of u;(z) and us(x)
is constant and can be calculated easily at point x = a as; W(y) = —T(a,b)
therefore;

Gla,y) = (~Ty(a,0) Tz, )Ty, )0y = 2) + (z & ). (22)

3 Conclusion

Causal Green’s function for general linear differential operator in one variable
was given by [theorem 1] as series of integrals. Multiplicative property of causal
Green’s functions is shown by [theorem 2]. For differential operators which are
equal to multiplications of first order linear differential operators, explicit for-
mula (15), was given for causal Green’s functions. An infinite non-abelian group
of operators on a subspace of C*][a, b] is introduced. Analytic formula for fun-
damental solutions of homogenous linear differential equation in one variable
was given via equation (7) and for specific boundary condition via equation (20)
as series of integrals. By using equation (20) and the method of variation of
parameters a way to derive Green’s functions with arbitrary boundary condi-
tions in one variable according to coefficient functions of differential operators
was given.

Acknowledgements

I acknowledge Farhang Loran for his helps and useful discussions. I dedicate
this paper to memory of my father Iraj Kassaian.

References

[1] L. Stakgold, M. Holst Green’s Functions and Boundary Value Problems
Third edition, Wiley, 2011.

[2] Harry Hochstadt, Integral equations, pp. 33, Wiely, 1973.

[3] Tarjan, Lalesco, Théorie Des Equations Intégrales, pp. 12ff , Herman
and fils, Paris, 1912.

Electronic Journal. http://www.math.spbu.ru/diffjournal 58



