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Ìàòåìàòèêî-ìåõàíè÷åñêèé ôàêóëüòåò Ñàíêò-Ïåòåðáóðãñêîãî
ãîñóäàðñòâåííîãî óíèâåðñèòåòà

Óíèâåðñèòåòñêèé ïðîñïåêò, 28, 198504, Ïåòåðãîô, Ñòàðûé Ïåòåðãîô,
Ðîññèÿ

Â 1900 ãîäó Ä. Ãèëüáåðò ïîñòàâèë çàäà÷ó èññëåäîâàíèÿ ïðåäåëüíûõ öèê-
ëîâ â äâóìåðíûõ êâàäðàòè÷íûõ ñèñòåìàõ (ñì. [1,5,10,35,36]). Â ïÿòèäåñÿòûõ
ãîäàõ À. Í. Êîëìîãîðîâ, ãîâîðÿ ñîâðåìåííûì ÿçûêîì, ïîñòàâèë çàäà÷ó âè-
çóàëèçàöèè ýòèõ öèêëîâ. Â ñâîåé êíèãå [4] Â. È. Àðíîëüä ïèøåò: "×òîáû
îöåíèòü ÷èñëî ïðåäåëüíûõ öèêëîâ êâàäðàòè÷íûõ âåêòîðíûõ ïîëåé íà ïëîñ-
êîñòè, À. Í. Êîëìîãîðîâ ðàçäàë íåñêîëüêî ñîòåí òàêèõ ïîëåé (ñî ñëó÷àéíî âû-
áðàííûìè êîýôôèöèåíòàìè ìíîãî÷ëåíîâ âòîðîé ñòåïåíè) íåñêîëüêèì ñîòíÿì
ñòóäåíòîâ ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ â êà÷åñòâå ìàòåìàòè-
÷åñêîãî ïðàêòèêóìà. Êàæäûé ñòóäåíò äîëæåí áûë íàéòè ÷èñëî ïðåäåëüíûõ
öèêëîâ ñâîåãî ïîëÿ. Ðåçóëüòàò ýòîãî ýêñïåðèìåíòà áûë ñîâåðøåííî íåîæèäàí-
íûì: íè ó îäíîãî ïîëÿ íå îêàçàëîñü íè îäíîãî ïðåäåëüíîãî öèêëà! Ïðè ìàëîì
èçìåíåíèè êîýôôèöèåíòîâ ïîëÿ ïðåäåëüíûé öèêë ñîõðàíÿåòñÿ. Ïîýòîìó ñè-
ñòåìû ñ îäíèì, äâóìÿ, òðåìÿ (è äàæå, êàê ñòàëî èçâåñòíî ïîçæå, ÷åòûðüìÿ)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, Ñàíêò-Ïåòåðáóðãñêîãî ãî-

ñóäàðñòâåííîãî óíèâåðñèòåòà è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé.
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ïðåäåëüíûìè öèêëàìè îáðàçóþò â ïðîñòðàíñòâå êîýôôèöèåíòîâ îòêðûòûå
ìíîæåñòâà, òàê ÷òî âåðîÿòíîñòè ïîïàñòü â íèõ ïðè ñëó÷àéíîì âûáîðå êîýô-
ôèöèåíòîâ ìíîãî÷ëåíîâ ïîëîæèòåëüíû. Òîò ôàêò, ÷òî ýòîãî íå ñëó÷èëîñü,
ïîäñêàçûâàåò, ÷òî óïîìÿíóòûå âåðîÿòíîñòè, ïî-âèäèìîìó, ìàëû".

Âî âòîðîé ïîëîâèíå äâàäöàòîãî âåêà ïîÿâèëîñü áîëüøîå ÷èñëî ðàáîò
[2, 3, 5, 11, 12, 30, 35, 38, 44, 45], ãäå èñïîëüçîâàëèñü ìåòîäû òåîðèè âîçìóùåíèé
äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëüíûõ öèêëîâ â äâóìåðíûõ êâàä-
ðàòè÷íûõ ñèñòåìàõ. Îäíàêî ýòè ìåòîäû íå ïîçâîëÿëè ðåøèòü ïðîáëåìó âè-
çóàëèçàöèè: ïîëó÷åííûå òàêèì îáðàçîì öèêëû áûëè î÷åíü ìàëûõ ðàçìåðîâ
è íå ìîãëè áûòü âû÷èñëåíû ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ è ñîâðåìåííîé
êîìïüþòåðíîé òåõíîëîãèè [22,24,31].

Ðåçóëüòàòû â [9, 13�16, 18�20, 25] ïîçâîëèëè ðåøèòü ïðîáëåìó âèçóàëèçà-
öèè ÷åòûðåõ ïðåäåëüíûõ öèêëîâ. Äàëüíåéøåå ðàçâèòèå ýòîãî íàïðàâëåíèÿ
èìååòñÿ â [8, 23,26�29].

1. Àíàëèòè÷åñêèå ðåçóëüòàòû. Â íàñòîÿùåé ðàáîòå ïðîäîëæåíî ðå-
øåíèå ïðîáëåìû âèçóàëèçàöèè ÷åòûðåõ ïðåäåëüíûõ öèêëîâ è ïîñòðîåíû îá-
ëàñòè â ïðîñòðàíñòâå ïàðàìåòðîâ, êîòîðûå ñîîòâåòñòâóþò ñóùåñòâîâàíèþ ÷å-
òûðåõ ïðåäåëüíûõ öèêëîâ.

Ðàññìîòðèì ñèñòåìó

ẋ = a1x
2 + b1xy + c1y

2 + α1x+ β1y

ẏ = a2x
2 + b2xy + c2y

2 + α2x+ β2y,
(1)

ãäå ai, bi, ci, αi, βi � âåùåñòâåííûå ÷èñëà, i = 1, 2.

Â ðàáîòàõ [16,20] ïîêàçàíî, ÷òî íå óìàëÿÿ îáùíîñòè, ìîæíî ïðèíÿòü, ÷òî
êîýôôèöèåíòû ñèñòåìû (1) èìåþò âèä

c1 = α1 = 0, a1 = b1 = β1 = 1 (2)

è, òàêèì îáðàçîì, ìîæíî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ñèñòåì âèäà

ẋ = x2 + xy + y

ẏ = ax2 + bxy + cy2 + αx+ βy.
(3)

Ñ ïîìîùüþ ïðèìåíåíèÿ ìåòîäà àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ, îïè-
ñàííîãî â ðàáîòàõ [17,18,21], ê ñèñòåìå Ëüåíàðà, ïîëó÷åííîé èç êâàäðàòè÷íîé
ñèñòåìû, áûë ñôîðìóëèðîâàí è äîêàçàí ñëåäóþùèé êðèòåðèé ñóùåñòâîâàíèÿ
ïðåäåëüíûõ öèêëîâ â êâàäðàòè÷íûõ ñèñòåìàõ (ñì. [20]).

Òåîðåìà 1. Ñèñòåìà (3) èìååò òðè ïðåäåëüíûõ öèêëà, åñëè âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:
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β = 0, c ∈ (13 , 1), b < 3, 2c ≤ b+ 1, 4a(c− 1) > (b− 1)2, è à) åñëè bc < 1,

òî α = −ε−1, ãäå 1� ε > 0; á) åñëè bc > 1, òî a(2+b)
bc−1 < α < 0.

Êðîìå òîãî, îäèí "ìàëûé" ïðåäåëüíûé öèêë ìîæåò áûòü ïîëó÷åí âî-
êðóã íà÷àëà êîîðäèíàò, ïóòåì âîçìóùåíèÿ ïàðàìåòðà β.

Ñ ïîìîùüþ äàííîãî êðèòåðèÿ â ðàáîòàõ [8, 23] âïåðâûå áûëà ïðîèçâåäå-
íà âèçóàëèçàöèÿ ÷åòûðåõ ïðåäåëüíûõ öèêëîâ. Èññëåäîâàíèÿ, ïðîâåäåííûå â
äàííîé ðàáîòå îòòàëêèâàëèñü îò òåîðåìû 1.

Â äàííîé ñòàòüå äëÿ êâàäðàòè÷íîé ñèñòåìû (3) ïîñòðîåíû îáëàñòè, ñîäåð-
æàùèå ÷åòûðå ïðåäåëüíûõ öèêëà, â òðåõìåðíîì è äâóìåðíîì ïðîñòðàíñòâå
ïàðàìåòðîâ, óäîâëåòâîðÿþùèõ óñëîâèþ à) òåîðåìû 1.

Àëãîðèòì ïîñòðîåíèÿ îáëàñòåé â ïðîñòðàíñòâå ïàðàìåòðîâ a, b, c, êîòî-
ðûå ñîîòâåòñòâóþò ñóùåñòâîâàíèþ ÷åòûðåõ ïðåäåëüíûõ öèêëîâ "íîðìàëü-
íûõ ðàçìåðîâ" ó ñèñòåìû (3), çàêëþ÷àåòñÿ â ñëåäóþùåì. Ñíà÷àëà ñ ïîìîùüþ
óñëîâèÿ à) òåîðåìû 1 íàõîäèì òî÷êó a0, b0, c0, α0, β0 (|α0| � äîñòàòî÷íî áîëü-
øîå, β0 � äîñòàòî÷íî ìàëîå) â ïðîñòðàíñòâå ïàðàìåòðîâ, ñîîòâåòñòâóþùóþ
ñèñòåìå ñ ÷åòûðüìÿ ïðåäåëüíûìè öèêëàìè. Äàëåå âîêðóã ïîëó÷åííîé òî÷êè,
ïóòåì âàðüèðîâàíèÿ ïàðàìåòðîâ a, b, c, âûäåëÿåì îáëàñòü, ñîîòâåòñòâóþùóþ
÷åòûðåì ïðåäåëüíûì öèêëàì. Îòìåòèì, ÷òî òåîðåìà 1 íîñèò àñèìïòîòè÷å-
ñêèé õàðàêòåð, ïîýòîìó ïîëó÷åííàÿ îáëàñòü ìîæåò îõâàòûâàòü áîëåå øèðî-
êîå ìíîæåñòâî ïàðàìåòðîâ, ÷åì óêàçàíî â òåîðåìå 1. Áîëåå ïîäðîáíî ïðîöåññ
îïðåäåëåíèÿ ãðàíèöû îáëàñòè îïèñàí â ï.3.

Íåòðóäíî âèäåòü, ÷òî ñèñòåìà (3) èìååò äâå òî÷êè ðàâíîâåñèÿ: îäíó â
íà÷àëå êîîðäèíàò, à äðóãóþ � â ëåâîé ïîëóïëîñêîñòè. Òàê êàê âîêðóã âòîðîé
òî÷êè ðàâíîâåñèÿ â óñëîâèÿõ òåîðåìû 1 âñåãäà ñóùåñòâóåò ïðåäåëüíûé öèêë,
òî ðàññìîòðèì, êàê îðãàíèçîâàòü âû÷èñëåíèÿ äëÿ ïîèñêà òðåõ ïðåäåëüíûõ
öèêëîâ, îêðóæàþùèõ íóëåâóþ òî÷êó ðàâíîâåñèÿ.

Âûáåðåì è çàôèêñèðóåì íàáîð êîýôôèöèåíòîâ a0, b0, c0, α0, β0 êâàäðà-
òè÷íîé ñèñòåìû, óäîâëåòâîðÿþùèõ êðèòåðèþ òåîðåìû 1.

Áóäåì ðåøàòü çàäà÷ó Êîøè

ẋ = x2 + xy + y

ẏ = a0x
2 + b0xy + c0y

2 + α0x+ β0y,

t0 = 0, t ∈ [0, T ], x(t0) = x0 ∈ (0, X̃], y(t0) = 0, T < +∞, X̃ < +∞.

Âû÷èñëåíèÿ áóäåì ïðîâîäèòü â ñèñòåìå MATLAB è MAPLE. Êàê èçâåñò-
íî, äëÿ ïðîâåðêè äîñòîâåðíîñòè ðåçóëüòàòîâ, ïîëó÷åííûõ ÷èñëåííûìè ìåòî-
äàìè, ñëåäóåò ðàññìîòðåòü ëèíåàðèçîâàííóþ ñèñòåìó (3) è âû÷èñëÿòü ñîá-
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ñòâåííûå ÷èñëà ìàòðèöû ßêîáè â íà÷àëüíîé òî÷êå çàäà÷è Êîøè è â òî÷êàõ
ïîñòðîåííîé òðàåêòîðèè ôàçîâîãî ïðîñòðàíñòâà. Òðàåêòîðèÿ ðåøåíèÿ â ôà-
çîâîì ïðîñòðàíñòâå âûõîäèò èç òî÷êè (X0, 0), X0 > 0 (ñì.ðèñ.1) è îêðóæàåò
íóëåâóþ òî÷êó ðàâíîâåñèÿ. Êàê ïîêàçûâàþò âû÷èñëåíèÿ, ïðè çíà÷åíèÿõ ïà-
ðàìåòðîâ ñèñòåìû, óäîâëåòâîðÿþùèõ êðèòåðèþ à) òåîðåìû 1, âåùåñòâåííûå
÷àñòè ñîáñòâåííûõ ÷èñåë îêàçûâàþòñÿ îòðèöàòåëüíûìè íà òðàåêòîðèè ôàçî-
âîãî ïðîñòðàíñòâà â ëåâîé ïîëóïëîñêîñòè è ïîëîæèòåëüíûìè íà òðàåêòîðèè
â ïðàâîé ïîëóïëîñêîñòè, ïðè ýòîì ìîäóëè ñîáñòâåííûõ ÷èñåë â ðÿäå ñëó÷à-
åâ ÷àñòî îêàçûâàþòñÿ î÷åíü âåëèêè. Â ýòîì ñëó÷àå, êàê áóäåò îòìå÷åíî â
ï.6, îáû÷íî ïðèìåíÿþò ìåòîäû, ïðèãîäíûå äëÿ ðåøåíèÿ "æåñòêèõ" ñèñòåì,
ëèáî âû÷èñëåíèÿ ïðîâîäÿò ðàçíûìè ÷èñëåííûìè ìåòîäàìè ñ óâåëè÷åííûì
êîëè÷åñòâîì çíàêîâ â ìàíòèññå. Áóäåì ïðîâîäèòü âû÷èñëåíèÿ ñ ïîìîùüþ
êîìàíä ïàêåòà, âñòðîåííîãî â ñèñòåìó MATLAB 2012 è ïðåäîñòàâëÿþùèì
âîçìîæíîñòü ðåøàòü çàäà÷ó Êîøè ìåòîäîì Ãèðà è, äëÿ ñðàâíåíèÿ, ïðîâîäèì
ïîâòîðíûå âû÷èñëåíèÿ ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà ñ ïîñòîÿí-
íûì è àâòîìàòè÷åñêèì âûáîðîì øàãà â ñðåäå MAPLE 13 ìåíÿÿ êîëè÷åñòâî
çíàêîâ â ìàíòèññå.

Äàëåå äëÿ ïîèñêà ïðåäåëüíûõ öèêëîâ áóäåì ñòðîèòü àìïëèòóäíóþ êðè-
âóþ.

2. Ïîñòðîåíèå àìïëèòóäíîé êðèâîé. Ðàññìîòðèì ïîâåäåíèå òðàåêòî-
ðèè ðåøåíèÿ çàäà÷è Êîøè â ôàçîâîì ïðîñòðàíñòâå ïåðåìåííûõ x, y. Íåòðóä-
íî âèäåòü, ÷òî òðàåêòîðèÿ, âûïóùåííàÿ èç òî÷êè (X0, 0), ïåðåñåêàåò îñü x
ñíà÷àëà â íåêîòîðîé òî÷êå (X1, 0), à çàòåì â òî÷êå (X2, 0).

Ðèñ. 1. Âèòîê çàêðó÷èâàþùåéñÿ ñïèðàëè

Îáîçíà÷èì ÷åðåç ρ = X2−X0. Î÷åâèäíî ρ > 0 ñîîòâåòñòâóåò òðàåêòîðèè
â âèäå ðàñêðó÷èâàþùåéñÿ ñïèðàëè, à ρ < 0 � çàêðó÷èâàþùåéñÿ ñïèðàëè.
Ñëó÷àé ρ = 0 îçíà÷àåò íàëè÷èå öèêëà (ñì. ðèñ. 1).

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 4



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2013

Ââåäåì ôóíêöèþ A(ρ), êîòîðóþ áóäåì íàçûâàòü àìïëèòóäíîé ôóíêöèåé.
Ïîñòðîèì íà (0, X̃] äîñòàòî÷íî ìåëêóþ ñåòêó óçëîâ {xk}. Âûïóñêàåì òðàåêòî-
ðèþ èç òî÷êè (xk, 0). Íàõîäèì X2 = xk0. Ñòðîèì ãðàôèê A(ρk), ρk = xk−xk0
è íàõîäèì ïðîìåæóòêè íà îñè x, íà êîòîðûõ ýòà ôóíêöèÿ ïîëîæèòåëüíà
è îòðèöàòåëüíà. Òî÷êè ïåðåìåíû çíàêà, î÷åâèäíî, ñîîòâåòñòâóþò íàëè÷èþ
öèêëà.

Íà ðèñ. 2à ïîêàçàí îäèí öèêë, íà ðèñ. 2á � âîçíèêíîâåíèå äâóõ äîïîëíè-
òåëüíûõ öèêëîâ ïðè èçìåíåíèè êîýôôèöèåíòîâ.

à) á)

Ðèñ. 2. Âèçóàëèçàöèÿ öèêëîâ ìåòîäîì Ðóíãå-Êóòòà
ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ

à) îäèí öèêë, b = 1.925, a = −10.5, c = 0.4, α = −2012, β = 0.2;
á) òðè öèêëà, b = 1.927, a = −10.5, c = 0.4, α = −2012, β = 0.2;

à) á)

Ðèñ. 3. Âèçóàëèçàöèÿ öèêëîâ ìåòîäîì Ãèðà ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ
à) îäèí öèêë, b = 1.925, a = −10.5, c = 0.4, α = −2012, β = 0.2;
á) òðè öèêëà, b = 1.927, a = −10.5, c = 0.4, α = −2012, β = 0.2;
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Ðàíåå áûëî îòìå÷åíî, ÷òî ñ âû÷èñëèòåëüíîé ñòîðîíû ðåøåíèå ðàññìàòðè-
âàåìîé çàäà÷è Êîøè ïðè ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷àñòÿõ ñîáñòâåííûõ
÷èñåë ìàòðèöû ßêîáè ñèñòåìû (3) ÿâëÿåòñÿ íåóñòîé÷èâûì. Íà ðèñ. 4à ïîêà-
çàíî êàòàñòðîôè÷åñêîå íàðàñòàíèå ïîãðåøíîñòåé ïðè ðåøåíèè çàäà÷è Êîøè
ìåòîäîì Ðóíãå-Êóòòà ñ ïîñòîÿííûì øàãîì è âïîëíå óäîâëåòâîðèòåëüíîå ðå-
øåíèå, ïîëó÷åííîå ìåòîäîì Ãèðà â ñðåäå MATLAB. (ñì.ðèñ. 4á). Íàðàñòàíèå
ïîãðåøíîñòåé ñâÿçàíî ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ è î÷åíü áîëü-
øîé ìíèìîé ÷àñòüþ (íåñêîëüêî òûñÿ÷) ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè
ëèíåàðèçîâàííîé ñèñòåìû.

à) á)

Ðèñ. 4. a) Êàòàñòðîôè÷åñêîå íàêîïëåíèå ïîãðåøíîñòåé â ïðîöåññå ðåøåíèÿ
ìåòîäîì Ðóíãå-Êóòòà ñ ïîñòîÿííûì øàãîì, á) ðåøåíèå, ïîëó÷åííîå ìåòîäîì

Ãèðà ñ àâòîìàòè÷åñêèì âûáîðîì øàãà

Äëÿ èëëþñòðàöèè íåóñòîé÷èâîñòè âû÷èñëåíèé ïðèâåäåì âèä àìïëèòóä-
íîé êðèâîé, ïîëó÷åííîé ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà êâàäðà-
òè÷íîé ñèñòåìû (3) ñ êîýôôèöèåíòàìè b = 1.4, a = −8.0, c = 0.4, α =
−1150000, β = 0.59 â ñðåäå Maple 13 ñ 35 çíàêàìè â ìàíòèññå (ðèñ. 4).

Íåóñòîé÷èâîñòü âû÷èñëåíèé îáóñëîâëåíà ïîëîæèòåëüíûìè âåùåñòâåííû-
ìè ÷àñòÿìè ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè äëÿ ëèíåàðèçîâàííîé ñèñòå-
ìû (ñì. òàáë. 1, 2 â ðàçäåëå 6). Ïîýòîìó óìåñòíî âåñòè âû÷èñëåíèÿ â ñèñòåìå
MAPLE ñ áîëüøèì êîëè÷åñòâîì çíàêîâ â ìàíòèññå. Â ðÿäå ñëó÷àåâ äîñòà-
òî÷íî èñïîëüçîâàòü áèáëèîòå÷íûå ôóíêöèè èç MATLAB. Âî âñåõ ñëó÷àÿõ
ïðåäïî÷òåíèå îòäàåòñÿ íåÿâíûì ÷èñëåííûì ìåòîäàì ðåøåíèÿ çàäà÷è Êîøè,
õîðîøî çàðåêîìåíäîâàâøèì ñåáÿ ïðè ðåøåíèè æåñòêèõ çàäà÷, íàïðèìåð, ìå-
òîäó Ãèðà.

3. Àëãîðèòì îïðåäåëåíèÿ îáëàñòè, ñîîòâåòñòâóþùåé ÷åòûðåì

ïðåäåëüíûì öèêëàì. Âîçüìåì íàáîð êîýôôèöèåíòîâ a0, b0, c0, α0, β0 äëÿ
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ñèñòåìû (3), óäîâëåòâîðÿþùèé òåîðåìå 1. Ïðîâåðÿåì, ñ ïîìîùüþ âû÷èñëå-
íèé, ÷òî àìïëèòóäíàÿ êðèâàÿ òðè ðàçà ïåðåñåêàåò îñü x, ÷òî ðàâíîñèëüíî íà-
ëè÷èþ òðåõ öèêëîâ â ôàçîâîì ïðîñòðàíñòâå. Ðàññìàòðèâàåìûé íàáîð a0, b0, c0
îáðàçóåò òî÷êó â òðåõìåðíîì ïðîñòðàíñòâå ïàðàìåòðîâ a, b, c. Äëÿ óäîáñòâà
âû÷èñëåíèé ïîñòðîèì ðàâíîìåðíóþ ñåòêó óçëîâ ñ øàãîì ha, hb, hc ïî ñîîò-
âåòñòâóþùåìó íàïðàâëåíèþ a, b, c. Âàðüèðóÿ çíà÷åíèÿ êîýôôèöèåíòîâ, ò.å.
âû÷èñëÿÿ ïðè ðàçíûõ öåëûõ çíà÷åíèÿõ i, j, k = 0,±1,±2, . . ., êîýôôèöèåíòû
ai = a0 + hai, bk = b0 + hbk, cj = c0 + hcj ïðè ôèêñèðîâàííûõ α, β è ïðîâå-
ðÿÿ, ÷òî ñîîòâåòñòâóþùèå àìïëèòóäíûå êðèâûå òðè ðàçà ïåðåñåêàþò îñü x,
ïîëó÷èì ìíîæåñòâî êîýôôèöèåíòîâ êâàäðàòè÷íîé ñèñòåìû, ïðè êîòîðûõ ñó-
ùåñòâóþò òðè öèêëà â ôàçîâîì ïðîñòðàíñòâå. Ðàññìàòðèâàÿ êîýôôèöèåíòû
ai, bk, cj, êàê êîîðäèíàòû òî÷êè â òðåõìåðíîì ïðîñòðàíñòâå ïàðàìåòðîâ a, b, c,
ïîëó÷àåì ãåîìåòðè÷åñêîå ìíîæåñòâî òî÷åê, ôîðìèðóþùèõ îáëàñòü ñóùåñòâî-
âàíèÿ òðåõ öèêëîâ â ôàçîâîì ïðîñòðàíñòâå âîêðóã íóëåâîé òî÷êè ðàâíîâåñèÿ.
Ïðîäîëæàÿ ïðîöåññ ðåøåíèÿ çàäà÷è Êîøè äëÿ êàæäîé ñèñòåìû óðàâíåíèé,
çàäàâàåìûõ êîýôôèöèåíòàìè ai, bk, cj, ïîñòðîèì â òðåõìåðíîì ïðîñòðàí-
ñòâå ïàðàìåòðîâ a, b, c íà êðóïíîé ñåòêå ìíîæåñòâî òî÷åê, ïðåäñòàâëÿþùóþ
îáëàñòü, ñîäåðæàùóþ òðè öèêëà. Äàëåå íà áîëåå ìåëêîé ñåòêå óçëîâ âäîëü
ãðàíèöû îáëàñòè óòî÷íèì î÷åðòàíèÿ îáëàñòè.

Â ïëîñêîñòè (c, a) ðàññìîòðèì ñå÷åíèÿ èñêîìîé îáëàñòè. Ïî ïåðåìåííûì
c, a ïîñòðîèì ðàâíîìåðíûå ñåòêè óçëîâ ñ øàãàìè h è ha ñîîòâåòñòâåííî. Äëÿ
êðàòêîñòè ãðàíèöó K ñå÷åíèÿ D â äàëüíåéøåì áóäåì èìåíîâàòü êîíòóðîì.
Òî÷êè íà êîíòóðå óïîðÿäî÷èì, íóìåðóÿ èõ ñëåâà íàïðàâî.

1) Âîçüìåì ïðîèçâîëüíóþ òî÷êó B0 êîíòóðà K, ïðåäûäóùóþ åé òî÷êó A
(ñëåâà íà êîíòóðå, îòëè÷íóþ îò B0) è ñëåäóþùóþ çà íåé òî÷êó C (ñïðàâà îò
B0, îòëè÷íóþ îò íåå), ñì. ðèñ. 5.1.

Ðèñ. 5.1.
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2) Ïðåîáðàçóåì êîîðäèíàòû òî÷åê A, B0, C òàê, ÷òî B0 = (cB0
, aB0

) ïå-
ðåéäåò â òî÷êó B′0 = (

cB0

hc
,
aB0

ha
), òî÷êà A â A′, òî÷êà C â C ′ ñîîòâåòñòâåííî

(ñì. ðèñ. 5.2).

Ðèñ. 5.2.

3) Äàëåå âûáåðåì òî÷êó D′0 (ñì. ðèñ. 5.3) ïî ñëåäóþùåìó ïðàâèëó:

åñëè
−−→
B′0A

′ ∦ ~B′0C
′, òî

~B′0D
′
0 = (

−−→
B′0A

′ +
−−→
A′C ′ · |

−−→
A′B′0|

|
−−−→
B′0C

′|+ |
−−→
A′B′0|

) · sign(−→e · (
−−→
B′0A

′ ×
−−−→
B′0C

′)) (4)

ãäå −→e = {1, 0, 0};

åñëè
−−−−−−−−→
B′0A

′ ‖
−−−→
B′0C

′, òî ~B′0D
′
0 =

−−→
B′0A

′ ×−→e
|
−−→
B′0A

′|
. (5)

Ðèñ. 5.3.
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4) Ïðåîáðàçóåì êîîðäèíàòû òî÷åê A, B0, C, D0 â èñõîäíîå ñîñòîÿíèå òàê,
÷òîáû òî÷êà D′0 ïåðåøëà â D0.

5) Äëÿ ïîëó÷åííîãî îòðåçêà B0D0, íàõîäÿùåãîñÿ â ïðîñòðàíñòâå ïàðàìåò-
ðîâ (b, c, a), ïðîèçâåäåì âû÷èñëåíèå ÷èñëà ïðåäåëüíûõ öèêëîâ äëÿ äèíàìè-
÷åñêîé ñèñòåìû (3) ñ êîýôôèöèåíòàìè (b,

cB0
+cD0

2 ,
aB0

+aD0

2 , α, β) (ñîîòâåòñòâó-
þùèìè ñåðåäèíå îòðåçêà � òî÷êå E0).

6) Åñëè âû÷èñëåíèÿ óêàçûâàþò, ÷òî ïîëó÷åííàÿ íà øàãå 5 ñèñòåìà èìååò
òðè ïðåäåëüíûõ öèêëà, òî ïåðåîáîçíà÷èì òî÷êè ñëåäóþùèì îáðàçîì:

D1 = D0, B1 = E0. (6)

Åñëè æå ñèñòåìà èìååò ìåíüøåå ÷èñëî ïðåäåëüíûõ öèêëîâ, òî ïåðåîáî-
çíà÷èì òî÷êè äðóãèì ñïîñîáîì:

D1 = E0, B1 = B0. (7)

à) á)

Ðèñ. 5.4.

à) òðè ïðåäåëüíûõ öèêëà

á) ìåíåå òðåõ ïðåäåëüíûõ öèêëîâ

Íà ýòîì âû÷èñëåíèå ãðàíèöû êîíòóðà â òî÷êå B0 çàâåðøåíà.

Ïîâòîðÿÿ âûøåîïèñàííóþ ïðîöåäóðó äëÿ îòðåçêà B1D1 k ðàç, ïîëó÷àåì
ïîñëåäîâàòåëüíîñòü òî÷åê Bi, i = 1, . . . , k+1. Ýòà ïîñëåäîâàòåëüíîñòü ñõî-

äèòñÿ ê òî÷êå ãðàíèöû êîíòóðà K. Ñòîèò îòìåòèòü, ÷òî âåêòîð
−−−→
B′0D

′
0, çàäàí-

íûé â ï.3, ïîëó÷åí èç âåêòîðà, ñîåäèíÿþùåãî òî÷êó B′0 è òî÷êó ïåðåñå÷åíèÿ
áèññåêòðèñû 4A′B′0C ′, âûïóùåííîé èç òî÷êè B′0, ñî ñòîðîíîé A′C ′. Âåêòîð
−−−→
B′0D

′
0 ïîëó÷åí ðàñòÿæåíèåì â äâà ðàçà è âûáîðîì çíàêà "ïëþñ" èëè "ìèíóñ"

òàê, ÷òîáû òî÷êà D′0 íàõîäèëàñü âíå êîíòóðà ñå÷åíèÿ.
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Ñîãëàñíî êðèòåðèÿì, ñôîðìóëèðîâàííûì â ðàáîòå [20], âîêðóã íåíóëå-
âîé òî÷êè ðàâíîâåñèÿ ñóùåñòâóåò ïðåäåëüíûé öèêë ïðè âûïîëíåíèè óñëîâèé
òåîðåìû 1. Òàêèì îáðàçîì, ïîëó÷åííàÿ îáëàñòü â òðåõìåðíîì ïðîñòðàíñòâå
ñîîòâåòñòâóåò ìíîæåñòâó êîýôôèöèåíòîâ, ïðè êîòîðîì êâàäðàòè÷íàÿ ñèñòå-
ìà èìååò ÷åòûðå ïðåäåëüíûõ öèêëà.

4. Àëãîðèòì âû÷èñëåíèÿ (X2, 0). Ïóñòü tj = jτ , τ > 0, j = 0, 1, . . .
Âû÷èñëåíèÿ ïðîâîäèì ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà. Äëÿ óñêîðå-
íèÿ âû÷èñëåíèÿ òî÷êè ïåðåñå÷åíèÿ òðàåêòîðèè ñ îñüþ x ìîæíî èñïîëüçîâàòü
àëãîðèòì ïðèáëèæåííîãî ïîñòðîåíèÿ (ñ òî÷íîñòüþ O(τ 4)) òðàåêòîðèè ïðè ïå-
ðåõîäå îò ïåðâîãî êî âòîðîìó âèòêó. Åñëè âû÷èñëåíû çíà÷åíèÿ ôóíêöèè y â
òî÷êàõ xm−2 = x(tm−2), xm−1 = x(tm−1), xm = x(tm), xm+1 = x(tm+1), ïðè÷åì
ym = y(xm) > 0, ym+1 = y(xm+1) < 0, òî íà ïðîìåæóòêå [tm, tm+1] ìîæíî
ïîñòðîèòü êóáè÷åñêèé ìíîãî÷ëåí

y(t) = y(tm−2)Wm−2(t) + y(tm−1)Wm−1(t) + y(tm)Wm(t) + y(tm+1)Wm+1(t),

ãäå

Wm+1(t) =
(t− tm−2)(t− tm−1)(t− tm)

(tm+1 − tm−2)(tm+1 − tm−1)(tm+1 − tm)
,

Wm(t) =
(t− tm−2)(t− tm−1)(t− tm+1)

(tm − tm−2)(tm − tm−1)(tm − tm+1)
,

Wm−1(t) =
(t− tm−2)(t− tm)(t− tm+1)

(tm−1 − tm−2)(tm−1 − tm)(tm−1 − tm+1)
,

Wm−2(t) =
(t− tm−1)(t− tm)(t− tm+1)

(tm−2 − tm−1)(tm−2 − tm)(tm−2 − tm+1)
.

Îïðåäåëÿåì ìîìåíò âðåìåíè t̃ ∈ [tm, tm+1] â êîòîðîì y(t̃) = 0, y(t̃) ∈
[ym, ym+1], äàëåå íàõîäèì çíà÷åíèå

X2 = x(t̃) = xm−2Wm−2(t̃) + xm−1Wm−1(t̃) + xmWm(t̃) + xm+1Wm+1(t̃).

Áîëåå ìåäëåííûì, íî è áîëåå òî÷íûì áóäåò âû÷èñëåíèå y(xk) ñ ïîìîùüþ
÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèÿ, ïîñëåäîâàòåëüíî (ìåòîäîì, àíàëîãè÷íûì äâîè÷íîìó ïîèñêó) ïîä-
áèðàÿ ìîìåíò âðåìåíè t̃, ïðè êîòîðîì y(t̃) = 0, y(t̃) ∈ [ym, ym+1].

Ïðè âû÷èñëåíèÿõ â ñðåäå MATLAB ñ ïîìîùüþ áèáëèîòå÷íîé ôóíêöèè
ðåøåíèÿ çàäà÷è Êîøè ìåòîäîì Ãèðà äëÿ ïîèñêà òî÷êè (X2, 0) èñïîëüçóåì
èíòåðïîëÿöèîííûé ìíîãî÷ëåí ïåðâîé ñòåïåíè.
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5. Îáëàñòè, ñîäåðæàùèå ÷åòûðå ïðåäåëüíûõ öèêëà. Äëÿ íàãëÿä-
íîñòè ïðåäñòàâëåíèÿ ðåçóëüòàòà, íà ðèñóíêàõ (6.1 �6.17, 7.1�7.16) ïðåäñòàâ-
ëåíû ñå÷åíèÿ îáëàñòè è îáëàñòü â öåëîì. Òî÷êàìè îáîçíà÷åíû óçëû îñíîâíîé
äâóìåðíîé ñåòêè, â êîòîðîé ïðîâîäèëèñü âû÷èñëåíèÿ. Âäîëü îòðåçêîâ ïðÿ-
ìûõ ïðîâîäèëèñü âû÷èñëåíèÿ, ðàññìîòðåííûå â ï.3.

Ðèñ. 6.1. Ñå÷åíèÿ îáëàñòè â ïðîñòðàíñòâå ïàðàìåòðîâ
a ∈ (−0.4, 0), b ∈ (0.4, 1.6), c ∈ (0.3, 0.9),

α = −15, β = 0.13 ïðè ha = 0.02, hb =
1
30 , hc =

4
30

Ðèñ. 6.2. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 16

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.3. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 17

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.4. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 18

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.5. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 19

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.6. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 20

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.7. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 21

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.8. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 22

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.9. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 23

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.10. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 24

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.11. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 26

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.12. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 27

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.13. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 28

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30

Ðèñ. 6.14. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 29

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.15. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 1, c ∈ (0.3, 0.9),

α = −15, β = 0.13 ïðè ha = 0.02, hc =
4
30

Ðèñ. 6.16. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−0.4, 0), b = 1 1

30 , c ∈ (0.3, 0.9),
α = −15, β = 0.13 ïðè ha = 0.02, hc =

4
30
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Ðèñ. 6.17. Âèçóàëèçàöèÿ îáëàñòè â ïðîñòðàíñòâå ïàðàìåòðîâ ñ ïîìîùüþ
òðèàíãóëÿöèè a ∈ (−0.4, 0), b ∈ (0.4, 1.6), c ∈ (0.3, 0.9),

α = −15, β = 0.13 ïðè ha = 0.02, hb =
1
30 , hc =

4
30
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Ðèñ. 7.1. Ñå÷åíèÿ îáëàñòè â ïðîñòðàíñòâå ïàðàìåòðîâ
a ∈ (−30, 5), b ∈ (0.4, 2.0), c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hb = 0.05, hc = 0.02
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Ðèñ. 7.2. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.55, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.3. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.6, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.4. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.65, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.5. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.7, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.6. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.75, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.7. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.8, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.8. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.85, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.9. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.9, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.10. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 0.95, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.11. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 1.0, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.12. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 1.05, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.13. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 1.1, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.14. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 1.15, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02

Ðèñ. 7.15. Ðåçóëüòàòû âû÷èñëåíèÿ ìåòîäîì Ãèðà ïðè çíà÷åíèè
êîýôôèöèåíòîâ â ñèñòåìå (3): a ∈ (−30, 5), b = 1.2, c ∈ (0.3, 0.9),

α = −1050, β = 0.13 ïðè ha = 0.5, hc = 0.02
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Ðèñ. 7.16. Âèçóàëèçàöèÿ îáëàñòè â ïðîñòðàíñòâå ïàðàìåòðîâ ñ ïîìîùüþ
òðèàíãóëÿöèè a ∈ (−30, 5), b ∈ (0.4, 1.8), c ∈ (0.3, 0.9),
α = −1050, β = 0.13 ïðè ha = 0.5, hb = 0.05, hc = 0.02
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6. Îáñóæäåíèå äîñòîâåðíîñòè ïîëó÷åííûõ ðåçóëüòàòîâ. Ïðîáëå-
ìàì, ñâÿçàííûì ñ ïîñòðîåíèåì è óñòîé÷èâîñòüþ ðàçëè÷íûõ ÷èñëåííûõ ìå-
òîäîâ ðåøåíèÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé è ñèñòåì ïîñâÿùåíî ìíîæåñòâî êíèã. Íàèáîëåå èçâåñòíûå èç íèõ
[6, 7, 34, 37, 39�42]. Îöåíêè ïîãðåøíîñòåé ìåòîäîâ Àäàìñà äëÿ óðàâíåíèé è
ñèñòåì óðàâíåíèé äàíû â [7, 32, 33]. Îöåíêà ïîãðåøíîñòåé äëÿ îäíîøàãîâûõ
ìåòîäîâ ïðèâåäåíà â [6]. Ïðè âûïîëíåíèè óñëîâèé, ñôîðìóëèðîâàííûõ â ýòèõ
ðàáîòàõ, ïîêàçàíî ÷òî, â ÷àñòíîñòè, ïðè äîñòàòî÷íî ìàëîì øàãå èíòåãðèðîâà-
íèÿ è äîñòàòî÷íî ìàëûõ îøèáêàõ, ñâÿçàííûõ ñ îêðóãëåíèåì ÷èñåë ïðè ïðî-
âåäåíèè âû÷èñëåíèé, ïðèáëèæåííîå ðåøåíèå ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ
çàäà÷è Êîøè.

Â ðàáîòå [43] îòìå÷åíî, ÷òî â ñëó÷àå, åñëè ñîáñòâåííûå ÷èñëà ëèíåàðèçî-
âàííîé ïðàâîé ÷àñòè ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà ïîëîæèòåëüíû, òî ". . . íåò íè÷åãî, ÷òî ìîãëî áû . . . îáëåã-
÷èòü æèçíü âû÷èñëèòåëþ. Íàäî èíòåãðèðîâàòü [ ñèñòåìó ] ñ øàãîì ïî âðåìå-
íè, îáåñïå÷èâàþùèì íåîáõîäèìóþ òî÷íîñòü äî òåõ ïîð, ïîêà ýòî âîçìîæíî".
Îáû÷íî äëÿ èíòåãðèðîâàíèÿ íåóñòîé÷èâûõ ñèñòåì ïðèìåíÿþò ìåòîäû, ïðè-
ãîäíûå äëÿ ðåøåíèÿ æåñòêèõ ñèñòåì, íàïðèìåð ìåòîä Ãèðà.

Êàê áûëî îòìå÷åíî â ï. 2., âû÷èñëåíèÿ öèêëîâ ìåòîäîì, ïðåäëîæåííûì
â äàííîé ðàáîòå, ÿâëÿåòñÿ íåóñòîé÷èâûì. Ñèòóàöèþ îáëåã÷àåò òîò ôàêò, ÷òî
âðåìÿ, çàòðà÷èâàåìîå íà îäèí âèòîê òðàåêòîðèè âîêðóã íóëåâîãî ñîñòîÿíèÿ
ðàâíîâåñèÿ, ÿâëÿåòñÿ î÷åíü íåáîëüøèì.

Òàáëèöà 1

Ðåçóëüòàòû âû÷èñëåíèé, èíòåðâàëîâ, ñîäåðæàùèõ öèêëû, âðåìåíè âèòêà
è ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè â (x0, y0) äëÿ ñèñòåìû (3) ñ êîýôôèöè-
åíòàìè b = 0.8, a = −10.0, c = 0.7, α = −1050, β = 0.13 ìåòîäîì Ãèðà â ñðåäå
MATLAB è Ðóíãå-Êóòòà â ñðåäå MAPLE c 35 çíàêàìè â ìàíòèññå.

Ìåòîä Ìåòîä âðåìÿ (x0, y0) ñîáñòâåííûå

Ãèðà Ðóíãå- Êóòòà âèòêà ÷èñëà ìàòðèöû

T ßêîáè

(4.5, 5.5), (5.0, 5.98), 0.19 (5, 0) 7.065± 83.014i

(76.5, 77.5), (77.0, 78.0), 0.19 (76, 0) 106.464± 442.511i

(16250, 16750) (16400, 16700) 0.13 (16000, 0) 22400.065± 71027.898i,
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Â òàáëèöàõ 1 è 2 ïðèâåäåíû çíà÷åíèÿ äëÿ íåêîòîðûõ òî÷åê ãðàíèöû îá-
ëàñòè âðåìåíè, çàòðà÷åííîãî íà îäèí âèòîê è ñîîòâåòñòâóþùèå ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû ßêîáè.

Òàáëèöà 2

Ðåçóëüòàòû âû÷èñëåíèé, èíòåðâàëîâ, ñîäåðæàùèõ öèêëû, âðåìåíè âèòêà
è ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè â (x0, y0) äëÿ ñèñòåìû (3) ñ êîýôôèöè-
åíòàìè b = 1.855, a = −4.0, c = 0.4, α = −1050, β = 0.2 ìåòîäîì Ãèðà â ñðåäå
MATLAB è Ðóíãå-Êóòòà â ñðåäå MAPLE c 35 çíàêàìè â ìàíòèññå ïðè øàãå
h = 0.0001.

Ìåòîä Ìåòîä âðåìÿ (x0, y0) ñîáñòâåííûå

Ãèðà Ðóíãå- Êóòòà âèòêà ÷èñëà ìàòðèöû

T ßêîáè

(11.1, 12.1) (11.0, 12.0) 0.18 (11.0, 0) 21.275± 116.856i

(57.3, 58.3) (68.0, 69.0) 0.17 (66.0, 0) 127.150± 325.119i,

(136.0, 137.0) (121.0, 122.0) 0.17 (121.0,0) 233.025± 496.10i,

Çàìå÷àíèå. Â òàáëèöàõ äàíû èíòåðâàëû, ãäå íàõîäÿòñÿ ïðåäåëüíûå öèê-
ëû. Àâòîðû ðåøàëè çàäà÷ó îïðåäåëåíèÿ îáëàñòåé, ñîäåðæàùèõ ÷åòûðå ïðå-
äåëüíûå öèêëà â ïðîñòðàíñòâå ïàðàìåòðîâ è íå ñòàâèëè öåëüþ âû÷èñëåíèå
ðàñïîëîæåíèÿ öèêëîâ ñ çàäàííîé òî÷íîñòüþ. Íà ðèñ. 8, ðèñ. 9 ïðåäñòàâëåíû
ãðàôèêè àìïëèòóäíûõ êðèâûõ, ïîñòðîåííûõ ïî êîýôôèöèåíòàì ñèñòåìû (3),
ïîÿñíÿþùèå ðåçóëüòàòû, ïðèâåäåííûå â òàáë. 1 è òàáë.2.
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Ðèñ. 8. Âèçóàëèçàöèÿ òðåõ öèêëîâ, ïîëó÷åííûõ
ìåòîäîì Ðóíãå-Êóòòà ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ

à) b = 0.8, a = −10.0, c = 0.7, α = −1050, β = 0.13 (ôðàãìåíò ãðàôèêà),

á) b = 1.855, a = −4.0, c = 0.4, α = −1050, β = 0.2.
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à) á)

Ðèñ. 9. Âèçóàëèçàöèÿ òðåõ öèêëîâ, ïîëó÷åííûõ
ìåòîäîì Ãèðà ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ

à) b = 0.8, a = −10.0, c = 0.7, α = −1050, β = 0.13 (ôðàãìåíò ãðàôèêà),

á) b = 1.855, a = −4.0, c = 0.4, α = −1050, β = 0.2.

Äëÿ çíà÷åíèé êîýôôèöèåíòîâ ñèñòåìû (3) ïðîâîäèëèñü ïîâòîðíûå âû÷èñëå-
íèÿ â ñðåäå Maple ñ óäâîåííûì è ó÷åòâåð¼ííûì êîëè÷åñòâîì çíàêîâ â ìàíòèñ-
ñå ìåòîäàìè Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà, Ãèðà. Ïîëó÷åííûå ñðàâíåíèÿ
ïîçâîëÿþò ñ äîñòàòî÷íîé äîëåé âåðîÿòíîñòè ïðåäïîëàãàòü äîñòîâåðíîñòü ïî-
ëó÷åííûõ îáëàñòåé.

Äëÿ ïîëíîòû èçëîæåíèÿ â òàáëèöå 3 ïðèâåäåì ñîáñòâåííûå ÷èñëà ìàòðè-
öû ßêîáè ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ â ñèñòåìå (3) a = −0.18, b = 0.8,
c = 0.663, α = −15, β = 0.13 â ìîìåíò âðåìåíè t = 0.

Òàáëèöà 3

Ñîáñòâåííûå ÷èñëà ìàòðèöû ßêîáè ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ a =
−0.18, b = 0.8, c = 0.663, α = −15, β = 0.13 è ðàçíûõ íà÷àëüíûõ óñëîâèÿõ.

(X0, 0) ñîáñòâåííûå

÷èñëà ìàòðèöû

ßêîáè

(1.25, 0) 1.815± 5.856i

(6.25, 0) 8.815± 10.559i

(31.25, 0) 43.815± 22.303i

(156.25, 0) 218.815± 49.266i
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Â òàáëèöàõ 4 è 5 ïðèâåäåì ñîáñòâåííûå ÷èñëà ìàòðèöû ßêîáè ïðè çíà-
÷åíèÿõ êîýôôèöèåíòîâ â ñèñòåìå (3) a = −0.18, b = 0.8, c = 0.663, α = −15,
β = 0.13 â ðàçíûå ìîìåíòû âðåìåíè ïðè íà÷àëüíûõ óñëîâèÿõ (0.05, 0),
(156.25, 0).

Òàáëèöà 4

Ñîáñòâåííûå ÷èñëà ìàòðèöû ßêîáè ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ a =
−0.18, b = 0.8, c = 0.663, α = −15, β = 0.13 â ìîìåíòû âðåìåíè tn ïðè
íà÷àëüíîì óñëîâèè (X0, 0) = (0.05, 0).

tn (xn, yn) ñîáñòâåííûå

÷èñëà ìàòðèöû

ßêîáè

t0 = 0 (0.050, 0) 0.135± 3.971i

t1 = 0.202 (0.035, -0.138) −0.047± 3.956i

t2 = 0.609 (-0.035, -0.134) −0.141± 3.815i

t3 = 0.812 (-0.049, 0.000) −0.003± 3.773i

t4 = 1.014 (-0.035, 0.136) 0.174± 3.788i

t5 = 1.420 (0.039, 0.142) 0.291± 3.933i

t6 = 1.622 (0.056, 0.000) 0.143± 3.982i

Òàáëèöà 5

Ñîáñòâåííûå ÷èñëà ìàòðèöû ßêîáè ïðè çíà÷åíèÿõ êîýôôèöèåíòîâ a =
−0.18, b = 0.8, c = 0.663, α = −15, β = 0.13 â ìîìåíòû âðåìåíè tn ïðè
íà÷àëüíîì óñëîâèè (X0, 0) = (156.25, 0).

tn (xn, yn) ñîáñòâåííûå

÷èñëà ìàòðèöû

ßêîáè

t0 = 0 (156.25, 0.000) 218.815± 49.266i

t1 = 0.135 (0.697, -11.956) −14.820± 2.282i

t2 = 0.272 (-0.830, -4.484) −6.313± 1.757i

t3 = 0.547 (-0.748, 0.000) −0.982± 1.857i

t4 = 0.723 (-0.608, 1.875) 1.395± 2.159i

t5 = 1.077 (0.975, 7.806) 10.512± 4.173i

t6 = 1.254 (159.394, 0.000) 223.216± 49.757i
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