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1 Introduction

In recent years many investigations on fractional differential equations have
been made since it was shown that many physical systems can be represented
more accurately through fractional derivative formulation [17]. Fractional dif-
ferential equations, therefore find numerous applications in the field of visco-
elasticity, feed back amplifiers, electrical circuits, electro analytical chemistry,
fractional multi-poles, neuron modelling encompassing different branches of
physics, chemistry and biological sciences [22]. There have been many excellent
books and monographs available on this field such as [6, 7, 8, 10, 20, 21, 19, 23].

In the literature, “Dg,u(t)+ f (¢, u(t)) = 0 is known as a single term equa-
tion. In certain cases, we find equations containing more than one differential
terms. These equations are called multi-term equations. A classical example
is the so-called Basset equation

AD§.y(z) + bDgvy(z) + cy(z) = f(z), y(0) = v,

where 0 < n < 1. This equation is most frequently, but not exclusively, used
with n = % It describes the forces that occur when a spherical object sinks in
a (relatively dense) incompressible viscous fluid, see [1, 19].

In the left and right fractional derivatives D¢,z and D;"x, a is called a left
base point and b right starting point. Both a and b are called starting points of
fractional derivatives. An FDE containing more than one base point is called a
multiple stsrting points FDE. An FDE containing only one starting point
is called a single starting point FDE.

In [10], Liu discussed existence of positive solutions to the initial value
problems of the nonlinear multi-order fractional differential equation on half
line

Dg. Dy, Dy.x(t) + f(t,x(t), Dy,x(t)) =0, t€ (0,00),

Hm ¢ 7 (t) = [ go(t, 2(t), DY, a(t))dt,

t—0 0

lim =7 D),a(t) = [[7 gi(t,x(t), D}, x(t))dt,

t—0

lim t' =Dy, DY x(t) = [7° ga(t, x(t), Db, x(t))dt,

t—0 0
where g, x1,22 € R, o, 8,7,p € (0,1), Dy+ is the standard Riemann-Liouville
fractional derivative, and f : (0,00) x IR?> — IR is a Caratheodory function,
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90, 91, 92 : (0, +00) xIR? — IR are strong Caratheodory functions and f, go, g1, g2
may be singular at ¢ = 0.

In [11], authors studied the solvability of the following initial value problems
for singular fractional differential equation with multiple starting points

‘D% x(t) = m(t) f(t,z(t),c DV x(t)), a.e.,t € (0,00),

z(0) = xy.

In [15], authors studied existence and uniqueness of the following two initial
value problems (IVPs for short) of nonlinear multi-term FDEs with impulses
on half lines:

‘Diia(t) = q(t) f(t,x(t), Dy x(t)), a.e..t € (ts, s, s € Zo,
z(0) = xo,

Ax(ts) = lim z(t) — x(ts) = I(ts, x(ts)), s € Z,

t—td

and
CD*+$( ) Q(t)f(ta x(t)a CDerZE(t)), a.e.,t e (tsa t8—|—1]7 S € 207

z(0) = xo,

Ax(ts) = lim z(t) — x(ts) = I(ts, x(ts)), s € Z,

t—td
where zp € R, a € (0,1, 0 < p < a, Z; = {0,1,2,---} and Z = {1,2,--- },
0=ty <t <ty<tz<--- with lim t5; = +o00, “D,+ is the standard Caputo

S$——+00

fractional derivative at the base points ¢t = %, ¢ : (0, +00) — IR satisfies that
there exists [ > —a such that |g(¢t)| < ¢ for all t € (0, +00), f : (0,400) x
+

o
IR? - IR is a Carathéodory function and I : |J (¢, ts:1) X IR — IR a discrete
s=0

Carathéodory function. The recent studies on solvability of boundary value
problems for impulsive fractional differential equations may be found in [12, 13,
14] and the references therein.

In applications, our equation can be interpreted as the standard Malthus
population model 3y’ = Ay subject to a perturbation f(t,y). That is ¢ =
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Ay + f(t,y). This situation makes us to study fractional differential equation
D% — Ay = f(t,y) with a € (0, 1] see [2, 24].

Motivated by mentioned papers, in this paper, we study the following initial
value problems (IVPs for short) of the nonlinear multi-term fractional differen-
tial equation on half line

CDO+£U( ) — Ax(t) = m(t) f(t, z(t), “Dy.a(t)), a.e.,t € (0,400),

¢ 2(0) = o, (1)
Ax(ts) = lim 2(t) — 2(ts) = I(ts, (ts), “Dpea(ts), s € Z,
and | |
(DR a(t) — Aa(t) = n(t)g(t,x(t), " Drx(t)), a.e..t € (ttun), s € L,
¢ z(0) = o, (2)
| Dalty) = lm a(t) = a(t) = J(tsa(t.) DI w(ty)),s € Z,
where

(i) 2o e R, € (0,1,0<p<a, A>0,2Z,=1{0,1,2,---} and Z =
{1,2,---}, 0=ty <t <ty <tz <--- with lim t5 = o0,

S§——+00
(ii) “D.+ is the standard Caputo fractional derivative at the starting points
t = x,

(iii) m : (0,400) — IR satisfies that there exists k; > —a such that
Im(t)| < % for all t € (0, +00),

400
(iv) n: U (ts,ts11) — IR satisfies that there exists 0 > Iy > —a, ko >
5=0
p — a — Iy such that [n(t)| < (t — t,)*(tey1 — )2 for all t € (t,,te11)(s € Zyp),

(v) f:(0,400)xIR* = IR are I-Carathéodory function and I : {t,} xIR? —

IR discrete I-Carathéodory function,

+00
(vi) g : U(ts,ts11) x R? — R are II-Carathéodory function and J :

5=0
{t,} x IR? — IR discrete II-Carathéodory functions. .
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A function x : (0,4+00) — IR is called a solution of IVP(1) if z|¢, ...,

€ CYts, ts11] (s € Zy), the limits lim (t), hm CD0+x( (s € Zy)
t—t]

exist, “I§.°Dg.x(t) exists almost every point on (0, —|—oo) and all equations in
(1) are satlsﬁed A function x : (0,+00) — IR is called a solution of IVP(2)

(totoin]> CDfﬂs € C%ts, tsi1] (s € Zy), the limits }E{l x(t), 7jhlrtn CDﬁSU( ) (s €

Z,) exist, CIﬁCDﬁx( ) exists almost every point on (s, ts11)(s € Zy) and all
equations in (2) are satisfied.

CDp

s+1]

Our purpose of this paper is to establish sufficient conditions for the exis-
tence and uniqueness of solutions (positive solutions) of IVP(1) (under assump-
tions (i), (ii), (ili) and (v)) and IVP(2) (under assumptions (i), (ii), (iv) and
(vi)), respectively. Existence results for IVP(2) generalizes those ones (Theo-
rem 3.1) obtained in [11]. Existence results for IVP(1) generalizes Theorem 11
n [15].

The remainder of this paper is organized as follows: the preliminary results
are given in Section 2, the main results are presented in Section 3. In Section
4, examples are presented.

2 Preliminary results

For the convenience of the reader, we present here the necessary definitions
from fixed point theory and fractional calculus theory. These definitions and
properties can be found in the literatures [18, 20, 23]. Denote the Gamma
function, Beta function and Mittag-Leffler functions respectively by

[(on) = f0+oo s le™8ds,

OQ 62 fo 042—13:.52—1dx7 a1 > 07 052762 > 07

“+0o0

E., (1) = Y. rary o > 0,2 € R,
s=0

+00
Eoy () = 22 m;al >0,a2 >0,z € R.
s=0

Definition 1 /20/. Let ¢ > 0. The Riemann-Liouville fractional integral of
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order o > 0 of a function f: (¢,00) — R is given by

I8 f(t) = i Jo (t = 5) 71 f(s)ds,

provided that the right-hand side exists.

Definition 2 [20/. Letc > 0. The Caputo’s derivative of order « for a function
f:(c,00) = IR is defined as
"D f(t) = ey Jo (E = 5)" 7 [ (s)ds,

forn—1<a<n nelN. IfO<a<l, then

D f(t) = sy Jo (t = 5) 7 f D (s)ds.

Obuviously, the Caputo’s deriwative of a constant is equal to zero.

Definition 3  Choose 0 > max{—ki,a + kj,a}. h: (0,+00) x R? — R is
called a I-Carathéodory function if it satisfies the following assumptions:

(i) t — h (t, (14+t7)Eqo(AtY)x, (HtJ)E‘;;a"’(/\ta)y) is continuous on
(ts,ts11](s € Zy) and is bounded on IR,

(ii) (xz,y) — h (t, (1+t7)Eqo(AtY)x, (1+tU)E§I;“‘p(Ata)y> is continuous on
R;

(iii) for each r > 0 there exists a constant M, > 0 such that |z|,|y| < r
imply

(b (1 ) B0 (), B0 )| < 0t € (0, +00)

tpP

Definition 4  Choose o > max{—ki,a + kj,a}. H:{t;:s€ Z} xIR* - R
15 called a discrete I-Carathéodory function if it satisfies the following assump-
tions:

1) (x — H (ts, (1 4+t7)Eqo(AMS)x (IHE)E%“‘p(Atg) 1S continuous on
(i) (z,y) , (1+19)Eq o (M), ; y
IR for all s € Z;

(ii) for each r > 0 there exists a constant M,s > 0 such that |x|,|y| < r
imply

’H (ts, (1+t7)Ep 0 (M%)z, (1“8)Ea>a-?(”s>y>‘ < My,s€ 2,5 M, < +oo.

tp
* s=1
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Choose 0 > max{—ky, o + ki, a}. Let

p
X

(tsits+1]s CD§+$ (tsstst] S CO((tS7 tS—l-l]v IR)a S € ZO7
] ; c b .
X=qx: }E{}r x(t)atlgg Dy, x(t) exist, s € Z, [

: x(t) : tP p :
M s, o M s, o Dor () exists

\ /

For x € X, define the norm by

t
lzl] = [lellx = max{ sup 0] —
T H ) Eaa)

P
sup
t€(0,400) (1 + ta)Ea,a—p()‘tQ)

|CD§+x<t>} .

Lemma 2.1. X is a Banach space with || - ||x defined.

Proof. It is easy to see that X is a normed linear space. Let {x,} be a Cauchy
sequence in X. Then ||z, — z,|| — 0, u,v = +o0o. We will prove that there
exists xy € X such that x, — x¢ as u — +o0o.

It follows from z, € X and {z,} a Cauchy sequence that

|2u(t) =20 (1)) 2y (1)

sup — 0,u,v = 400, lim = A,, exists

1+ta .o A\t 9 ) 9 1+t0 Ea o A\t ru Y
t€(0’+oo)( JEa,q(At*) t=s oo (1+17)Ea,a(At?)
and

tP|D? ()= DP, x,(t)] ) tPeDP, x,,(t) .
o+ 0F+™v o+ —
te(Souf | R T v e 0,u,v — 400, tl}+moo B, 00 — B, exists.
;400

It follows that

Am mes oy M e, o)

— 0,u,v — 400

and

lim tPeDp | wy (1) ~ lim tPeDp | (1)
t 500 IHt)Eaa—p(M?) 5000 (1487 Eq o —p(AE?)

— 0,u,v — 400.

Thus both lim A,, and lim B,, exist.

u—r—+00 u—>—+00
Since tlgﬁ x(t) and tlirg “Di,x(t) exist, we know both e, o and
tPeDl x(t)

AT Dy are continuous on [ts,ts1]. Thus there exist two functions
a,a—p
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Tos, Yos(s € Zy) defined on [ts, ts11] such that

; Ty (t) _
S T b, e = Tos(t),
lim ey ()t € [t 4+ 5+ 1], € Z,

U—~400 (1+t0)Ea,a—p()‘ta)

Let To(t) = xos(t) and Gy(t) = yos(t) for t € (ts,ts11](s € Zy). It follows that

both xy and gy, are defined on [0, +00) and the limitslim xy(¢), lim yo(t)(s € Zy)
t—ts t—td

exist.

Furthermore, we have

u(t _
Sup (1+t":)BEi,l()\t°f) - xO(t)‘ — 0,u — +o0,
te(0,+00)
tPeDP x,(t) .
SUD | (3R, 00 yo(t)‘ = 0,4 = Aoo.
te(0,400)

We have that

Ty (t) Ty ()

lim Zg(t) = lim lim - —~ = lim lim ~ —~ = lim A
t—+400 O( ) t—+00 u—-+oo (1) Eaa(At?) u—-+oo t—+o0 (1417 Ea.a (A7) u—too

. . . tPeDP x,,(t) . . tPeDP, x,,(t) .

lim 7,(t) = lim lim o = lim lim 0t = lim B,,.
t—+00 yO( ) t—+00 u—-+00 (14+t7)Eq,a—p(AL7) U—+00 t—-+00 (14t7) B a—p(AL*) U—>—+00 e

Denote

20(t) = (14 17)Eaa( M) To(1), yo(t) = T Baas7 ()

We prove that yo(t) = “Df,xo(t) for t € (t,ts41]. In fact, there exists ¢, =
lim z,(t) such that

t—td

|xu(t) + Cy — +y0 | = ‘C]p CDp—rfCu ) ‘I +y0( )‘

= fot (t}())_ Dy u(s) — yo(S)]ds’

t (t—s)P~1 |, 1457 )Eq q—p(As%) —
< fo (tr(;) Dy au(s) — — P ( )90(5)‘d5
t (t—s)P~1 sP (14+57)Eq a—p(AsY) ¢ —
< b T RS - D u(s) = Ho(t) | ds
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(15! (1457 B _p(As%) b . _
< Jo T - dste(soufoo) T 00 DosZul) = Bo(t)

— 0 as u — +o0.

Hence lim [@,(t) + ¢, — “Ifiyo(t)] = 0. Then wzo(t) + co = I} yo(t). Hence

U——+00
Yo(t) = Di.xo(t). Then 2y € X and z, = xy as u — 400 in X. It follows that
X is a Banach space. Lemma 2.1 is proved. n

Lemma 2.2. Let M be a subset of X. Then M is relatively compact if and
only if the following conditions are satisfied:

. x(t) . tPeDP  x(t) )

(i) both {t — TR, L€ M} and {t — (1+tU)E2,J;_,,(Ata) cx € M}
are uniformly bounded,

.o x(t) . tPeDP  x(t) .

(ii) both {t = T L€ M} and {t — (1+t0)E2,+a_p(Ata) X € M}
are equicontinuous in any subinterval (¢, ts11](s € Zy),

ees x(t) . tPeDP | x(t) .

(iii) both {t A () oS M} and {t — (1+t0)E21,p(/\ta) cx € M}

are equi-convergent as t — +00.

Proof. 7 <« 7. From Lemma 2.1, we know X is a Banach space. In order to
prove that the subset M is relatively compact in X, we only need to show M
is totally bounded in X, that is for all € > 0, M has a finite e-net.

For any given € > 0, by (i)-(iii), then there exists t;, and § > 0 such that

z(t1) z(t2)

o
B0 e | S 3rtute 2t v € M,
tpcDP ( ) %PCDP l’(%) — —
)+ . 2 Topt+t\2 €
B, 00 e, | = 30115 t2 2 tsg, 0 € M,

1G] ()

B0 (B0 | = 5000 f2 S (s bl [l =Tl < 0,2 € M,

_37

theDP x(t) theDP () .
T By O] By | = 5011082 S (b tona] B =Tl < 0,2 € M.
Define
X . ) L (tsstega]> CDg'*‘x (tsts+1] = OO((tsa ts—l—l]; IR); s=0,1,---, 0,
0] = (¢ lim z(t), lim “Df. x(t) exist, s =0,1,--- , 59
t—td —td
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For x € X’(O,tso]? define

|z||s, = max { su l2®)] su Pl Dy o)l
so = P TR, .(0) P O E.. 00 (-
te(0,ty,] ’ t€(0,ts] ’

Similarly to Lemma 2.1, we can prove that X (0.t,] 18 @ Banach space.
Let Mo, = {t = z(t),t € (0,t5] : @ € M}. Then M|, ) is a subset of
Xl04,,)- By (i) and (ii), and Ascoli-Arzela theorem, we can know that M|y, |

is relatively compact. Thus, there exist x1,z9, -+ ,x; € M such that, for any
x € M, we have that there exists some ¢ = 1,2,--- , k such that

t)—x;(t
[l = 2llyy = max{ sup ederlblo - sup
te(0,ts,] ’ te(0,ts]

wilm

tP1°DY, 2(t)— Dl 2;(1)] <
(1+t7)Eq,q—p(At) —

Therefore, for x € M, we have that

|z (t) =i (t)] _ |x(t)—;(t)| | (t)—a; (1)
Sup o « - ma/X Sup = N Sup = -
te(0,400) (147)Eq,a (M) {te(%o] (1+t7)Eq.a(M9) oty (17 Eq (M )}

t) z(ts,)
< max < <, sup (,x( - kAL | L
3=t2t50 (14t7)Eq o (M) (1422, ) Eq,a(Atg,)

+ x(tso) o xi(tso)
(1+tg0)EDéya()\t?0) (1+tg0)EOéya()\t?0)

7i(tsg) x;(t)
)

sup —
9 o o o} (6%
i>t,, (17 ) Ba.a(Mg) — (1+7)Ea o (M%)

}

<ftsts=e
Similarly we can get

thCD§+I(t)—CD§+ z;(t)|

sup T+ Eq.0_p (M)

te(0,400)

< €.

So, for any € > 0, M has a finite e-net {U,,, U,,, - ,U,,}, that is, M is totally
bounded in X. Hence M is relatively compact in X.

=. Assume that M is relatively compact, then for any ¢ > 0, there exists
a finite e-net of M. Let the finite e-net be {U,,,U,,, -+, U, } with x; C M.
Then for any x € M, there exists U,, such that x € U,, and

2] < o = @il| + [l < e+ max{fzif| i =1,2,--- k}.
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It follows that M is uniformly bounded. Then (i) holds.

Furthermore, there exists t;, > 0 such that

_ l‘i(fl) _ . _ {Ei(ig) _ < €
I+ Eaa(M))  (14+8)Eaa (M) ’

Eichng l‘i(fl)7 - E?CDngxi @2)7 < €
(141 )Ea,a—p(At1) (1+5)Eq,a—p(Aty)

for all #1,ty > ts, or all t;,ts € (ts,ts11] with [t} — t2] < §. Then we have for
zl,%g Z tso that

z(t1) z(t2)

‘(Hti’)Ea,a(At?) (1+15)Ea,o (M)

x(t1) zi(t1)

= ‘(Hti’)Ea,a(At‘f) (14+27)Ea,o (AT))

(141))Ea.a(Aly)  (1413)Eqa(Ay)

+ ’ z;(t1) zi(t2)

+’ _ai(fa) _a(fs)
(14+85)Ea,a(M2)  (14+13)Eq ()

< 3e, x € M,Zl,f2 > tg, Or all %1,%2 € (t87t8—|—1] with |E1 —zg‘ < 0.
Similarly we have

z(t1) x(t2)

’(Hti’)Ea,a(At‘f) (14+25)Eq 0 (A\5)

< 3e,

fl,%g > tso or all %1,%2 € (ts,t5+1] with ’2_51 — 2_52| < 0.

Thus (ii) and (iii) hold. Consequently, Lemma 2.2 is proved. n

Lemma 2.3. Suppose that z € X. Then u € X is a solution of

(<Dgu(t) — Mu(t) = m(D)f(t, 2(t), ‘D a(t)), ae.t € (ty, o), s € Zo,

¢ u(0) = o, (3)

Au(ty) = I(ts, z(ts), “Dy.a(ts)),s € Z,

\

Electronic Journal. http://www.math.spbu.ru/diffjournal 82



Differential Equations and Control Processes, N 2, 2016

if and only if
= fot(t —0)* By o (At —v)*)m(v) f(v, 2(v), “Di.x(v))dv + zoEq (A®)

- ZlEa()\(t —t;))1(t;, x(t;), “Dy.x(ts)), t € (ts, ts1], s € Zo.
=
(4)

Proof. Step 1. Let x € X. We prove that u satisfies (4) if u is a solution of
(3).

From z € X, we have that there exists r > 0 such that ||z|| = r < +oc.
Since f is Carathéodory function and I a discrete Carathéodory function, then
there exist M,., M,, > 0 such that

. e
7(2(0).“Dha(0)] = |7 (1 Gt ) | < M.t € [0,00).

+00
I(ts, a(ts), Doz (t))| < Myg,s € Z,S M,y < +00.
s=1

Firstly, we have for ¢ € (ts,ts.1] that

I3t = 0) B a(A(E = 0)*)m(o) f (v, 2(0), D r(v)do

< M, [{(t —v)* " Bo oAt — v)*)0k1dv

— )%kt
y+1 0 v)* v dy

—+00
<M z_: g+1 fo (t = v)rtr=tofrdu

M o+a 1 a+aoj— 1
:Mrzwt+]+kfo w)+] lwkdw

< Mt“™ME, o(At*)B(a, ky + 1).

So fo ) Ea o (At —v)*)m(v) f(v, z(v), Db, x(v))dv is convergent.
Assume u is a solution of (3). We will prove (4). For t € (ty,t1] = (0,14],

Electronic Journal. http://www.math.spbu.ru/diffjournal 83



Differential Equations and Control Processes, N 2, 2016

from Example 4.9 in [8], then

fo ) Ea (At —v)*)m(v) f(v, z(v), “Dhx(v))dv + zoEq (A®)

for ,t € (t,t1]. Then (4) holds for s = 0. Now we suppose that (4) holds for
s < k. That is

= fot(t —0)* By o (At —v)*)m(v) f(v, 2(v), “Dix(v))dv + zoEq (A7)

S

£ 3 Ba(A(t = 1)) (1, 2(1), “Dyr(t), £ € (b a5 < b

For t € (tjy1,tria], we let
= [yt = 0)* B o (At = v)*)m(v) f (v, 2(v), “Df. 2(v))dv + 2o Ea (M)

+ i Eo (At = £)")1(t5,2(1;), “Dyse(ts)) + (1), € (bprs bl

j=1

(5)
where ® : (tgi1,tki2] — R is a differentiable function. By Au(tii1) =
I(ti1, (trr1), “Dgsw(te1)), we get

lim ®(t) = I(tgy1, 2(tre), “Dirx(tes))- (6)

t—t) T

For ease expression, denote G,(t) = G(t,z(t),“Dg.x(t)) for a function G :
(0,+00) x R* = R and x € X. Then (3) implies for ¢t € (tk+1, tiio] that

() (1, (8), Dhr(t)) + Nut) = “Dgult) = iy Jolt — )7 (uls)) ds

/

> [ () (fo (0-10)" B 0 (o= Jm(w) fow)du-2oBa (%) + 3 Eau(v—ti)%(m) v

__J= 0
- I'(1—a)

fttk+1(t_v)_a (fov (U_w)a_lEa,a(/\(U_w)a)m(w)fx(w)dw+xOEa(/\Ua)+k§ Ea()‘(v_ti)a)jx(ti)+(b(v)) dv
+ o) -

_ ot (J) 0-w)* B o Av—w)?ym(w) fo (w)dw) dv
o T(1-a)

S 3 (8 17 (-0) " (Ba(Ao—t)®) do

j=01i=1

+= NG
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s e S L) ) B A0t [ (1) es ()
zo [, (t—v)"*(Eq(Mv*)) dv = k41 tha1
+ o += T(1—a) R gy

Jrte=97 (s £ A ) w)d ) ds
I‘(l «)

k. J te AY(s v\’
5 510 1 -7 (8 ) s

+]=01=1 I'l—a)
too 4 oaw ! k41 Y( t; '
ro o= (8 i ) as B 1) f, -0 (2 SR )ds
+ =) + = Tl a) +eDi @(t)
1 = 1 a a(v+1)— ! !
= et & e =9 (5 m(w) fo(w)dw)'ds|
kE J +oo tiiq
goglm(tz) P p()‘av) ftjﬁ (t—s)"“(s—t;)* " ds
+ I'(l—a)
5 i fo b S L) S e fl () sty
Zo F 0 t S “oslds = F(a1) tk+1 t s) (st ov=lds c o
+ I(l-a) + [(1-a) Dt;ﬂq)(t).

By variable changing =% = w in second and fourth term and 7 = w in third

t—t
term, interchanging the sum order of the second term, integration by parts for

the first term, we get
m(t) f(t, z(t),c Dy a(t)) + Au(t)

+00 ’
_ 1 Y t 1)—
— T(2—a) Z T(a(v+1)) {(1 - @)fo (t— fo alvtl) m(w) f(w)dwds
k k +o0 1) tiv1—t
S L) Y. w[ O (l—w)wr tdw ST Gt Cyov-1
= z\li = T'(aw) t t Zo Z T fO (1—w) w ds
+ Ta) + T a)
k+1 100 vy ya(v— B 3
2 [T(tl) Zl % ftlkzl-lf_ti (17“}) Qg 1dw
= v= —t c «
+ T(1—a) + D7 D(t)

k+1
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At v t /
- F(2£a) E:O F(a();)Jrl)) |:(1 - Oé)f() (t fO a(vtl)= ( )fl’( )dwds
X yv a(v— U1t
+ I'l—a«)
k+1 (t s )a(v 1) a,, av—1
Z Iy ( ) El T fthrl (1 ’LU) w dw oo A\ve(v—1)
v= t; C «
+= r- a) + 0 Z:l Ia(v=1)+1) thﬂq)(t)

Z Au+1 {fo f (t—s)"(s— w)a(vﬂ)_ldsm(w)fx(w)dw}/

k +o0 v a(v 1) +o0 v a(v
2 L(t) ;%ﬁ) (1—w)=wldw  I,(tps) Z_:l%fo (1—w)~@wo=dw
+ (=) + T(1—a)

via(v—1) C o
+o Z F/\ lfu 1)+1) Dt+ o(t)

k+1
1 = ow 1 —a,,a(v+1)—1 '
= T Z U+1 UO Jo (1 —u)~"u dum(w) fo(w)dw
k+1
+;I «(t )Z F ) +AzgEa (A1) +°Dpt ®(1)

! k+1

= 5 iy [t =9 m)fw)de] + 3 Y LEE - 6)°)

+AZoEq (M) + D2 (1)

k+1

m(t) fo(t) + )‘fo (t—s)*" 1Ecm()\(t — 5)*)m(8) fo(s)ds + AzgE,(At®)

+)\k§Ea(>\(t — 1)) L(t;) +DgD(t).

It follows from (5) that “Df, @(t) — A®(t) = 0 for t € (tg11,tk42). Then (6)
k+1
and Example 4.9 in [8] imply that ®(t) = I(tp41, 2(tes1), ‘Dt (tig1) ) Ea(A(E —
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tri1)®). Substituting ® into (5), we know that (4) holds for s = £+ 1. By
mathematical induction method, we know that (4) holds for all s € Z.

Step 2. Now assume u satisfies (4). We will prove that u is a solution of
(3) and u € X.

We firstly prove that uw € X. In fact, we have

it = )2 By a (At — 5))m(s) fx(s)ds‘

< Mt“™ME, o(At*)B(a, ky +1) — 0, — 0T,

JHt = 8 B (M — s)a)m(s)fz(S)dS)

< Mo PhE, , (At*)B(a — p, ki +1) = 0, — 0.

We know that lim+ u(t) exists and is finite. By a direct computation, it follows
t—0

for t € (ts,tsi1] that

‘Dy.u 1 ) fo u'(s)ds

Z S (=) {fo s—u)"~ 1Eaa(A(s—u)“)m(u)fx(u)du+ona(Asa)+éIx(tqz)Ea(A(s—m“)} ds
I'(1-p)

[ t=s)" [fos(sU)C“Eoz,a(k(su)“)m(um(U)du+ona(Aso‘)f_fj1 Im(ti)Ea(A(Sti)a)} ds
I'(1-p)

_|_
= i S = )7 [ — 0 B (A(s — u))m(u) fo(u)du)' ds

+ﬁxo f(f(t — 8) P [Eq(As®)] ds

+ﬁ§ﬁ?”(t—s [i a(A (s—t)a)]x(ti)] ds

Z:

b (0= )7 | £ Bahs = 00 |
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= ki [t = 97 (s — ) Baa(A(s — ) m(w) fo(w)du)' ds]

/
t
+1“(11—p)x0 fO (t ) |:Z T(av+1) ow+1 ]

1P§LW [zzpmﬂmmfw

i=1v=0

TG j; {Z > A Fav—H x(ti)]/ds

i=1v=0
(use integration by parts for first term)

= i [t = )7 Ji (s = 0 B a(A(s — ) () fo(u)duds|

T t _ vsozvfl
+F(1£p)x0 > Jot—s) p/\r(av) ds

s—1 7 too +00 yav- 1
iy 2 2 = ) S M k)
P 7j=01=1 / v=1
1 t —p T )\U(S—t )av—l
+51 L(t=8)P Y Y e 1(ti)ds
-7 2 24 Tav)

— 1 )\U av—1
+F(1—p)$0 Z ey 0 (1 - ’U}) b ljzjow) dw
V=

s_l 8_1 tjzrlt tl v, av—1

+m{ ) t—t) P[5 (1—w)?> AF“’M) L(t;)dw
b =1 j=1 t—t; —
1 J oV 1 _ )\vwavfl

+F(1—p) zjl(t i)™ ol (1—w) T (av) I (t;)dw

1= i —
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a(v+1)— 1 —p,,,a(v+1)—
- F(ll—p) v—|—1 fo W pfo (1 —w)Pw w+1) dwm (u) fr(u)du

—I—)\l'ota_pEa7a+1_p ()\ta)

s—1 ts—ly +00 .
11 ) ;(t — ti)av_p fO o (1 — U))_p Z:l %Iw(tl)dw

+r(11_p)2(t—ti)avfp tls— (1 —w)P z:: Nwl r I (t;)dw

i=1 i

(v+1)—p 1 —p.alv+1)—
- F(ll—p) v+1 fo W pf() (1 —w)Pw (+1) fdwm(u) fo(u)du

+)\£U0ta_pEa’a+1,p(>\ta) + A Z Ix(tz>(t — ti)a_pEa,Oki»lfp()\(t — ti>a)

= [t — )" P B asp(A\(t — w)*)m(u) fo(u)du

-I-)\.TotaipEaﬂ_,_l_p()\ta) + A Z Im(tz)(t — ti)aipanoH_l_p()\(t — ti)a),
i=1
t € (ts,tsi1], s € Zy.
So lim °Df, u(t) exists and is finite.
t—0+
It is easy to see that u|u, s, “Ditlw, i, € CO(Ls tss1])(s € Zy) and
limits lim w(t), lim ‘Dy,u(t)(s € Zy) exist. Note

t—td t—std

Jr
()\toz) Z e 1+ Z /\thm) 1_|_ %Eava(AtQ)a

av—H avl(«

400
A\vpa AV
Ea,a-l-l—p()‘t ) Z T(av+a+1—p) < 230 (av+a—p)I'(av+a—p)
o

400
AVEQv 1
< ZO (a—p)T(av+a—p) a—pE@aa*P()‘ta)'

v=
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It follows that

Ea()\ta) )\ta Ea,a —p()\to{) 1
Eooom = D@+ 50, 560 <o (7)

Hence, we have, for ¢t € (ts,ts11], use (7), that

u(t 1 t a— o L
(1+t0|)]5§a)7l()\t@) < (1+1%)Eq o (M%) ot —5) "Eqo(A(t — 5)")s" M, ds

|z0|Ea (AtY) 1
TR o) T B0

NE

Eo(A(t = 1)) M,

1

J

a(x )\t Ol 1.k |£L’0|Ea(>\ta)
S T B /\ta o - s" Myds + (1117 Eq o (M)
1 3 «Q
+ijIEaW )My
M, jo+k B At +20 X
< et Blas by +1) + 955 (D) +25) + 1+t0 Z M.j.
So tEeroo (1+t”|)11l5§i),(|1(kt“) = 0. Similarly we get, for ¢t € (¢, ts41] and using (7), that
tP1°D] u(t)] tP t a—p—1 a\, k1
T B ey () < T B ey 00 Jo (8= W) Eaamp(At = u)")u™ Mrdu
Az |t* !
+(1+tU)E:a_p(Ata)Ea,aﬂ—p()‘t )
+>‘(1+t Eq a—p(At9) z_: rj (t — 1 )a_ Ea,aﬂ—p()‘(t - ti)a)
PBa_p(M?) i a—p—1, ki
= [1t°)Eq.0_p (M) Jot —w)* P M, du
Alzot® E A A t Jr00‘2\4 E N
B, a0 Boat1-p (M) + AMrmE . ow) j21 riBaat1p(AtY)

+0o0
S LA Mot A |
S apa Bl — kA DM+ 5o + e g; M.

So tE—lmoo (Htg)Ei_p(MQ)CDg+u(t) =0. Then u € X.
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We secondly prove that u satisfies the system (3). We know easily that
u(0) = . From (4), it is obviously that Au(t,) = I(ts, z(ts), “Dy,x(ts)) for all
s € Z. By direct computation, we have for t € (t;,t;11](j € Z) similarly to
above discussion that

CD0+U 1 a) fO S)dS

S (= s)™ ! (s)ds + ¢ i) ft (t — s)~u/(s)ds

= r(1£a) Ej: ftiil(t — )" (fos(s - u)a_lEa,a()‘(S —w)*)m(u) fo(v)du

+2oE,(AsY) + Z_Zl E,(\(t — tj)a)lm(tj)> ds

J=1

e S (= 5) 7 (Jy (s = w)* B a(A(s — u)®)m(u) fo(u)du

e e S L) JE (=) (Ba(A(s—t:)")) ds
zo [ (t—8)"*(Eq(As®)) ds = t)
LA v Gy + F(i—a)

= Au(t) + m(t) f(t, z(t), “Di.x(t)).

Thus v € X and u is a solution of (3). This completes the proof. ]
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Let us define an operator T' on X by
(Tz)(t) = fo(t = w)* " Eaa(At = w)*)m(u) f(u, 2(u),"Df x(u))du

; (8)
+2oEq (AY) + Z:l Eo(A(t —t;)™)1(t;, z(t;), "Dy x(t;)
iz

for t € (ts,tsi1], s € Zy.
Lemma 2.4. Suppose that f is a [-Carathéodory function and I a discrete
[-Carathéodory function. Then

(i) 7T:X — X is well defined;

(ii) the fixed point of the operator T' coincides with the solution of IVP(1);

(iii) 7 : X — X is completely continuous.

Proof. From Lemma 2.1, X is a Banach space. (i) the proof comes from Step
2 in the proof of Lemma 2.3. (ii) from Lemma 2.3, the proof is obvious. (iii)
the proof is divided into following three steps:

Step 1. Prove that T is continuous. Use the facts that f is a Carathéodory
function and I a discrete Carathéodory function.

Step 2. Let M be a bounded subset of X. Prove that T'M is bounded set.
Use the facts that f is a Carathéodory function and I a discrete Carathéodory
function.

Step 3. Let M be a bounded subset of X. Use Lemma 2.2, prove that
TM is relatively compact based upon Lemma 2.2. Use the facts that f is a
Carathéodory function and I a discrete Carathéodory function. The details are

omitted. n
Let
S s+1
So(t) = 2 tjsr(tjon — )Rt By o (At — 5)*) TT Ea(M(t — tu-1)),
=0 v=1

te (t57ts+1]7 s € ZO7

and

51() = Mt — 07 1) 2 typa(tyn — 877+l x
=0

[Eoa(Atj1 —15)) + Eaap(Atjr1 — 1)) X
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H Ea<)\(tv - tvfl)a)Ea,a+1fp<>\<t - ts)a)a t e (t57 terl]: ElS ZO- (9)
v=1
(

\
Yl(tstsi) CDf:‘*‘y (tsits+1] — ch;i-y € CO((tsa ts—f—l]; IR)? s € ZO;
: : c NP :
Y = X tlirtr;%' y(t)’tlirg" Dt;:,.y(t) eXlSt, S & Z(), .
. y(t) . CDf+y(t) .
| i 4. i O e |

For y € Y, let zy, 21 be defined by defined by (11), the norm by

[y(t)| “D2y(0) } |

yll = llylly = maX{ sup sup

te(0.400) 00(t) " te(0r00)  01(t)

Definition 2.5. & : (0,+00) x IR? = IR is called a II-Carathéodory function
if it satisfies the following assumptions:

(i) t = h(t, do(t)z,01(t)y) is continuous on (s, ts:1](s € Zy) and bounded
on IR,
(ii) (z,y) — h(t, do(t)z,01(t)y) is continuous on IR;
(iii) for each r > 0 there exists a constant M, > 0 such that |z|,|y| < r
imply
7 (E, do(t)x, 01(t)y)| < M, t € (0, 400).

Definition 2.6. H : {t,: s € Z} xIR? — IR is called a discrete II-Carathéodory
function if it satisfies the following assumptions:

(i) (x,y) = H (ts, do(ts)z,01(ts)y) is continuous on IR for all s € Z;

+00
(ii) for each r > 0 there exists a constant M,; > 0 with > M, < 400
s=1
such that |z|, |y| < r imply

|H (t57 50(%)%51(155)9)\ S M?“S78 Sy A

Lemma 2.6. Y is a Banach space with || - ||y defined.

Proof. The proof is similar to that used in the proof of Lemma 2.1. The details
are omitted. N

Lemma 2.7. Let M be a subset of Y. Then M is relatively compact if and
only if the following conditions are satisfied:

(i) both {t — % Ly € M} and {t — CD(%(%(’?) Ly € M} are uniformly
bounded,
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CDP

(ii) both {t — éj(—t) Ly € M} and {t — #y)(t) Ly € M} are equicontinu-

o(t)
ous in any subinterval (ts,ts11](s € Zy),

(iii)  both {t—> % LY € M} and {t—> T() y € M} are equi-
convergent as t — —+00.

Proof. The proof is similar to that used in the proof of Lemma 2.2. The details
are omitted. m

Lemma 2.8. Suppose that z € Y. Then u € Y is a solution of
‘Dyyu(t) — Au(t) = n(t)g(t, x(t), CDt+x( )),a.e.,t € (ts,tsi1),s € Ly,

(10)
u(0) = xo, Au(ts) = J(ts, x(ts), CD# az( s)),s € L.
if and only if
([ [yt =) Ba (At — 0)*)n(v)g(v, 2(v), Dy x(v))dv + zEa (M),
t e (to,tl],
ftt(t — ) B, oAt — 0)*)n(v)g(v, z(v), ”Dﬁx( v))dv
+ [xo vljl E, (At — 1))
e ( [T Ea(A(to— tor) >> T(ty,a(t;), Dy (1))
U(t) = < 7=1 \v=5+1 J=
+§ ( :f[ﬂ Eo(A(t, —tvl)a)> <
ftij_l(tj — ) B, o(A(t; — v)*)n(v)g(v, z(v), CDt+ :C( ))dv} X
E.(\(t —t5)%),
| t€ (ts,tsi1],s € Z,z € X.
(11)
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Proof. Infact, forx € Y, we have ||y|| = r < +o0. Since g is a [I-Carathéodory
function and J a discrete II-Carathéodory function, we know that there exists
M, >0, M,s > 0 such that

£t (), DY e(t)] < Myt € (ty,tyni), s € Zo,

[ J(ts, 2(ts), “Dye w(ts))] < Mg, s € Zy.
Then
Ji(t =) Ba a (At — v)*)n(v)g(v, 2(v), “DPa(v))dv

< M, fti (t - U)a_lEmoz()‘(t —v)*) (v — ts)k2 (tst1 — v)lev
< M, ft O‘HQ 'E, aA(tsr1 — 1)) (v — ts)de"U

< My (tgyr — )Rt B, o (A(tsr1 — ts)Y)B(a + lg, ko + 1).

Furthermore, we have

St =) P B0y (At = 0)*)n(v)g(v, 2(v), *D¥a(v))du

S Mr(ts—H — ts)a+k2+l27pEa,a—p()‘(ts—H — ts)a)B(& + l2 - D, k? + 1)
If u is a solution of (10), then from Example 4.9 in [8] we have
fo ) Eq o (A —0)*)n(v)g(v, x(v), Cijx(v))dv + 2oE, (At?),
t c (t(), tl].

When t € (ts,ts11](s > 1), we have similarly that there exist numbers ¢5 € IR
such that

= [ (t = 0)* " Eaa(At = v)*)n(0)g(v, 2(v), D x(v))dv

e Bt —1)%), t € (ts, tsra.
By Au(ts) = J(ts, z(ts), CDt+ :c( s)), We see

Cs :Cs—lEa()‘(tS t ) )+J(t5,$( ) CDt+ l’( ))

+j; (ts — ) Ega(A(ts — v)Y)n(v)g(v, 2(v), CDﬁ x( ))dv.
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It follows that

j; (t; — w)* 1 Eq 0 (At — w)*)n(w)g(w, x(w), CDt+ a:( ))dw.
Then wu satisfies (11). We have furthermore that

CDtJru( )
([ fo(t = w) P By 0y (At — w)*)n(w)g(w, z(w), Dl x(w))dw
+)\$0ta_pEa,a+1—p(>\ta)7 le (t07t1]7

S (t = w)* P B amp (At = w)*)n(w)g(w, 2(w), “Dyy (w))dw

7\

< ﬁ Ea()‘(tv_tvl)a)> J (L), (), th+ x( tj))

v=j+1

< :f[H E.(\(t, tvl)a)> «

ft (t; — W) Eqa (At — w)*)n(w)g(w, z(w), CD# x( ))dw} X

_|_

o,
-
—_

\ Ea,a+1—p()\(t - ts)a)at € (tSa ts+1]7 s € Za reX.
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If u satisfies (11), we have

Yl(tsstosa]s cher (tsits+1] — Cijy < CO((t& t8+1]7 IR)?

lim y(t), lim CDﬁy( ) exist, s € Z,.

t—td t—td

Note H E,(\(t, —t,—1)*) > 1, we have

w0l < e 11— w)* B (Mt — w)?) (w0 — 5.)(tes — w)'2duw

‘x0|vﬁ1Ea(A(tv_tv—l)a)+ ES:MTJ'< [I Ea(A(t, —t,1)" ))

j=1 =j+1

M, S ( I E.(\t, —tvl)a)> x
j=1 \v=j+1

tj

tj_l

(t; — w)a_lEa,a(A(tj —w)*)(w — 58>k2(t5+1 - w)l2dw} Eo(A(tsy1r — 1))

M, Eoo(Atas1—t:)®) [, (t—w)*H (w—s,)%2 (to 1 —w) 2 dw

< 5
Z tipa(tjp—t;)oTF2 2By o (A1 —t5)*)

+oo
|zo|+>° My,
j=1

Z tiva(tjpr—t;) T2t 2 By o (A(tjr1—t5)?)

(t—t-1)) fi7 | (=) (w—s5,)2 by 11— w)"2duw

aalA
Z tit1(tir1—t;) 22 Eq o (At 41-t5))

—+00 s+1
|[wol+ 2 Myj+M, Y7 Baa(A(tj—t;—1)*)(t;—t;—1)* T2 2 B(a+la,ke+1)
i=1 i=1

IA

Z tip1(tjp1—t;) TRt 2Ey o (A(tj41—t5)%)
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Use Stolz theorem, we have

“+oo s+1
0|+ 30 Mo+ M, 37 Eq o (A(tj—tj-1)*)(tj—tj-1)* T2 2B (a+l2 ko +1)
lim = =
sHeo 3. b (tra1—t) 2B (At =4))
=
0 BaaA(tsp1—ts)®) (tsy1 —ts)*TF2 2B (ot Iy ko +1) . B(atlykatl)
= lim == - ’ = lim ’ =0
S——+00 ts+1(t5+1_ts)a+k2+l2Ea,a(A(tsqtl_ts)a) S—+00 ts—i—l !
. t .
we know that lim |§( t)‘ = 0. Similarly we can prove that
t——+00 o(t)
D7, u(t)]
61(t)

“+oco s+1
|[ol+ 30 Myj+M; 3 [Ba,a—p(ANtj—tj-1))+Ba,a(A(tj—t-1)*)](t;—tj-1)* T2 T2 B(a+l2 ke +1)

< =1 =1
B ,ZO tir1(tjr1—t;)* P22 [Ba 0 (A(tj41—t5)*) +Ea,a—p(Atir1-15)?)]
]:

Then Stolz theorem implies that tEer |CD*+U5(I%S“]@)I =0. It follows that

u € Y. The remainder of the proof is similar to that used in the proof of
Lemma 2.3. The details are omitted. N
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Let us define T} : Y — Y by

(Ty)(t) =
(Jy(t =) Baa(A(t —u)*)n(w)g(u, o(u), "Dpya(u))du + zoBa (M),

t e (Ifo, tl],

j;t(t —u) By oAt — w)*)n(u)g(u, z(u), ‘D x(u))du

S

( ﬁ E,(A(ty — tvl)a)> J(tj, (), CDt+ x( i)

+§ ( T E.O\(t tvl)a)> «

S (8 =) Baa Mt = ) n()g(u, o(u), “DY, a(w))du| Ba(A(t —1,)7),

t € (ts,tss1],s € L, x € X.

\

(12)
Lemma 2.9. Suppose that g is a [I-Carathéodory function and J a discrete
[T-Carathéodory function. Then
(i) 71 :Y — Y is well defined;
(ii) the fixed point of the operator T} coincides with the solution of IVP(2);
(iii) 71 :Y — Y is completely continuous.

Proof. By Lemma 2.6, Y is a Banach space. Use Lemma 2.7 and Lemma
2.8, it is similar to those of the proofs of (i), (ii) and (iii) in Lemma 2.4 and
details are omitted. n

3 Main theorems

In this section, we are in the position to prove the existence and uniqueness
results for solutions of IVP(1) and IVP(2) respectively. We firstly present the
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main assumptions which will be used in Theorem 3.1 and Theorem 3.2 for
existence of solutions IVP(1).

(H1). Let 0 > max{—k;,a + ki,a}. Suppose that there exist non-
decreasing functions ®, ¥ : [0, +00) x [0, +00) — [0, +00) such that

f is a I-Carathéodory function and there exists a piecewise continuous
bounded function r : (0,400) — IR such that

(1 (14 ) B0, B O ) ()| < @ (Ju, o),
t € (0,400),u,v € R.

I is a discrete I-Carathéodory function and there exists a sequence {I;} and

+00
a sequence {1s} with > 1 < 400 such that

s=1

7 (t, (1 1) By (M, B2 ) 1| <50, o),

ts

selL,u,veIR.

(H2). Let ¢ > max{—k;,a + ky,a}. Suppose that dy;(: = 1,2,--- ,m)
with §; = 01, + 09; > 0(2 = 1,2,...,m) and §; < 09 < -++ < 9,,. The following
assumptions are satisfied:

f is a I-Carathéodory function and there exist nonnegative numbers A;(i =

1,2,...,m), piecewise continuous bounded function r : (0, +00) — R such that
7 (8 (04 1) B (i, R0 ) — ()] < 35 Adful o

hold for all ¢ € (0, +00),u,v € R.

I is a discrete I-Carathéodory function and there exist nonnegative numbers

+00
Bi(i = 1,2,...,m), a sequence {[;} and a sequence {1;} with > 1, < 400
j=1
such that
7 (£, (1+ 8B (M), HEBgealiEy ) —

ts

512’ 521’

()

=1

hold for all s € Z,u,v € IR.
Let

O(t) = [o(t — )" "Eqa(Mt — 5)*)m(s)r(s)ds + 2oEq(A?)
(13)

+ Z Ea()\(t — tj)a)[j,t € (ts, ts+1], s € L.

J=1

Electronic Journal. http://www.math.spbu.ru/diffjournal 100



Differential Equations and Control Processes, N 2, 2016

Then
DL o(t) = [t — u)* P By p(A(t — u)*)m(u)r(u)du

5 14
—I—/\xotaipEa@_H_p()\ta) + A Z [z(t — ti)aipEa,a—H—p()\(t - ti)a)a ( )
i=1

t € (ts,ts1],s € Zy.

Denote

M = max { (c—a—k1)B(a,k1+1) (U—a—kl)(B(a;p7k1+1)}
ag ) o(la—p Y

o—a « ajo o— p/o
= (7%) )a%ﬁ%fﬁ }-

Theorem 3.1. Suppose that (H1) holds. Then IVP(1) has at least one solution
if

N:mm{@m%F

o>

g\ (@tk)/o oo
M (7o) 2 (r+ 191l 7+ 161D + N 3 0% -+ llgll 7+ llgll) < v
(15)

has a positive solution ry > 0.

Proof. Let X and T be defined in Section 2. From Lemma 2.3 and 2.4, we
need to prove that 7" has at least one fixed point in X. By (7) and direct
computation, we have

‘Dy (Tx)(t fo (t — w)* P Eq 0 (At — u))m(u) fr(u)du
AT PR a1 (M) + A L) — )" P B A — 1)), 10
t € (ts,tsi1], s € Zy. -
It is easy to show that
sup ﬁ _ b_Ta (ﬁ)a/ba b>a>0, EE(QS(_A?B)@) < T(a)+ %ﬂ (17)

t€(0,400)

One has for t € (tg,ts41] from (8) and (12), (16) and (7), that

(1|(+T,f§))( lf(f\t)l) < (1+t‘7) w7 fo (t—s)*" 'E, a( At —=5)")|m(s)|fu(s) —r(s)|ds
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S

+oEom 2 Ba(At — 1)) L(t;) — Ll

J=1

) k1 [z(s)] sP|°Dg a(s)]
S (1—|—t ) aa )\to‘ fO t_ S 1Ea a()\(t - 8) ) (I) <(1+SU)EQQ(/\SQ)7 (1_}_80)]50):@(/\8&)) dS

1 ° a ()] t51°Dp x(t))|
+(1+t<’)Ema()\ta) Z Ea(>\(t o tj) )\Il <(1+t3’)Ea7(,()\t§‘)> (1“?)](;31@()\15?))

Jj=1

t o— (e 1
< trmom Jo(t = ) Eaa(A(t — 5)*)s"1ds® (|||, [|]])

R j; Ea(A(t = 1;)") 59 ([[]], [|]])

IA

t a— 1 T
i Jy (¢ = ) shds ([l |, ] ]) + = (] HrcH)Z%

« kl (& +OO
< 5By by D@ (all, [l + (Pe) + 53y © (el el ) 32
]:

S N (a+ky1)/o
< 2=k (el )T Blasks + 1) (|, |)

+(P(e) + 222 (z2)™" ) w(Jfe]), |l z o

Furthermore, we have from (13) and (15), (16) and (7), that

1Dy, (Tx)(t) =D, 6(t)]
(1) Ba 0 p (M)

< .0 Jo (8 = )2 P B p(A(E = 5))m(s)][ fo(s) = r(s)|ds

+(1+t0) Zpa () A 2 Eq at+1— p()‘(t - tj)a)uw(tj) - [j‘

S @) Jo P+

P t a—p— 1 P 5
] (t = sy sthds@ (||, [121]) + G AV ([l fl; el 2 o
j:
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+00

a+kq p
< ot Bla - poky + D@ ([all, lel) + otz A (el 2l]) 3 v

J=1

J—a—kl OZ+I€1

< o(a—p) (a—a—k1

(a+ky)/o
) Bla—p g+ D@ (|2l 1ol

ANMo— p/o oo
HE () il el 3 v

Hence
. (a+ki)/o +o0
7o =gl < M (G2 ) @ llall el + N s (el llall) . (18
z

It is easy to show that ¢ € X. Let » > 0 and define Q, =
{reX :||lvr—¢| <r}. For z € Q,, we have ||z — ¢|| < r. Then |z||] <
|z — é|| + ||o|] < r+ ||| Let 79 > 0 be a solution of (14). From above
discussion, we have

(OH-kl)/U
1Tz — gl < M (G28) 7 @ (g + (|6l mo + [l6]1)

a—a—kl

400
N2 058 (o +I#l] ro +191]) < ro.
j=

It is easy to see that TQ,, C Q,,. Then, Schauder fixed point theorem implies
that T has a fixed point = € Q,,, which is a solution of IVP(1). The proof is
completed. N

Theorem 3.2. Suppose that (H2) holds. Then IVP(1) has at least one solution
r e X if

Om < 1 or 8y =1 with No < 1 or 8, > 1 with L2 0a 22 > N (19)

where

o ) o(a—p) o—a—ky i

ﬁ [max{ o—a—k)B(ak+1) (G—a—kl)B(a—p,lirl)} < atk >(0‘+k1)/0A

olo o plo 400
+max{(r(a)+g% (%)), 254 (%) }Bl- lej]
]:
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Proof. Let X and T be defined in Section 2. By Lemma 2.3 and Lemma 2.4 we
seek solutions of IVP(1) by getting the fixed point of T"in X. Let ¢ be defined
by (11). We can get (12). Let r > 0 and define Q, = {x € X : ||z — ¢|| < r}.

For x € Q,, we have ||z — ¢|| < r. Then ||z|| < ||z — ¢|| + ||¢]| < 7+ [|8]].
Using (H2), we find similarly to the proof of Theorem 3.1 that

1

m (a+ky)/o
Tz)(t)—o(t o—a—k1)B(a,k1+1) a+k
(J(th")(Ela(()\g‘L) < Z:z:l [< 1)0 (a1 <021k1) A

alo +00
b () + 2 () ) B, B 4 ol
j=1
Furthermore, we have
(1+taEi,p(Ata) “Dy+ (T)(t) — “D-o(1)]

1

< i [(U—a—/ﬁ)B(@—p,/ﬁ—H) < a+ky )(a+k1)/UA
=1

o(a—p) o—a—k;

MNo— p/o = . .
e () BE w] IR
j:
It follows that
[Tz — ¢]| <
m (a+ky)/o
(0—@—]€1)B(OZ,I€1+1) (U—a—kl)B(a— ,kl-l-l) o ]{;1
B [ {lectitotin temeoecptin) (ca ),

-+ max { (F(a) + 3% (%)a/o> , 2§§:§§ (ﬁ)p/g} Bjﬁ%] X

Electronic Journal. http://www.math.spbu.ru/diffjournal 104



Differential Equations and Control Processes, N 2, 2016

Then

1Tz = gl < [r+ ||g][}"x
i max{("akl)B(O‘vklﬂ) (Uozkl)B(ap,lirl)}( a+ky ><a+k‘1)/UA
i=1

o ) o(a—p) o—a—ky

g

0;—0m,

/o) Ao plo) Lt
o { (110 + 353 (22)") . 2675 ()"} 55 ] e

= Nolr + |6}

(i) If 6,, < 1, we can choose ry > 0 sufficiently large such that [ry +
1o|[]1o" Ny < 79. Let Q,, = {x € Y : ||z — ¢|| < r}. It is easy to see that
TQ,, C Q. Then, Schauder fixed point theorem implies that T has a fixed
point € Q,,, which is a bounded solution of IVP (1).

(ii) If 6,, = 1, we choose

1411V
To > —-N,

Let Q,, = {z €Y : ||z — ¢|| < r}. Itis easy to see that TQ,, C Q,,. Then,
Schauder fixed point theorem implies that 7" has a fixed point z € €,,, which
is a bounded solution of IVP (1).

(iii) If 6,, > 1, we choose r =1y = 51—_”1. By assumption,
P 1 i (o | L
(ro+l16l)* o =

Let Q,, = {z €Y : ||z — ¢|| < r}. It is easy to see that TQ,, C Q,,. Then,
Schauder fixed point theorem implies that F' has a fixed point z € €,,, which
is a solution of IVP(1). The proof is completed. ]

Now, we establish existence results for [VP(2) under some suitable assump-
tions. Let dy(t) and d1(¢) be defined by (9).

(H3). Suppose that there exist non-decreasing functions ®, W : [0, +00) X
[0, +00) — [0, 4+00) such that

g is a II-Carathéodory function and there exists a piecewise continuous
bounded function r : (0,400) — R such that |g (¢, 00(t)u, 01(t)v) — r(t)] <
O (|ul, |v]),t € (0,400),u,v € R.
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Jis a discrete I1- Carathéodory function and there exists sequence {.J;} and
{ws} with Z Js < 400 and Z s < +oco such that |I (s, do(t)u, 01(t)v) — J| <

sV (|ul, \v\)sEZqu]R

(H4). Suppose that 6;(i = 1,2,---,m) with §; = d1; + dp; > 0(@i =
1,2,...,m) and 6 < §y < --- < §,,. The following assumptions are satisfied:

g is a II-Carathéodory function and there exist nonnegative numbers
Ai(i = 1,2,...,m), a piecewise continuous bounded function r : (0,+o00) —

R such that |g (¢, (6(t)u, 61(t)v) —r(t)| < X Aj|u|®|v|® hold for all t €
i=1
(0, +00),u,v € IR.

J is a discrete II-Carathéodory function and there exist nonnegative num-
+0o0 +0o0

bers B;(i = 1,2,...,m), sequences {Js} and {5} with > Js, > 15 < 400 such
s=1 s=1
that [J (ts, 6o(ts)u, d1(ts)v) — J| < ¥s > Bilu|®#|v|°% hold for all s € Z,u,v €
i=1
R.
Denote
(1) =

([t — ) Ban(Mt — w))n(u)r(u)du + zoEa (M), t € (to, t1],

ftt(t —u)* B, oAt — w)*)n(u)r(u)du + [xo f[ E,(A(ty — ty—1)%)

v=1

7\

=1 \v=j5+1 7j=1 \v=j5+1

+i( I Ea(A(tv—tm)‘“)> Jj+i< 1 Ea(Ats — )" >>x

St = ) (Al = w))n(w)r(w)du| Ba(A(E = £)%),

t € (ts,tss1],s € L, x € X.

\

(20)
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Then

CDZ+¢(t) -
(ot —u)* P By o p (At — w))n(w)r(u)du

+A20t" P Eq a11-p(AL?), t € (o, 1],

JE(t = w) P B oy (At — w)®)n(u)r(u)du

At —t,)0 {a:o 1 Ea(\ty — £y 1)°)

v=1

(21)

7\

j=1 \v=j+1

+ i ( ﬁ Ea(A(tv - tvl)a)> Jj

j=1 \v=j+1

s ( T E.O\t —tvl)a)> «

St = 0 B0 (At — @) )n()r(u)du| Ba i p(ME = 1,)%),

Lt € (ts,tsy1],s€ L, v € X.

Theorem 3.3 Suppose that (H3) holds. Then IVP(2) has at least one solution
if

AD (r + |l r +[lol]) + BY (r + [[¢l],r + [[o]]) <7 (22)

has a positive solution ry > 0, where

+

Z aaAtj—tj_1)%)(tj—t;—1)2TF2H 2B (a+la,ka+1)

A = max { sup =—
s€Zy Z J+1( j+1—t; )Q+k2+l2Ea,a()\(tj+1—tj)a)

Y

i[ Eaa—pA(tj=tj—1)*)+Eaa(Mt;—t;-1)*)](t;—tj—1)* T*2 2B (a+a, ko +1)

j:
sup = ;
sely > tipa(tj—ty) PR [By o (A(tj1—15)) 4+ Ea,ap(A(tj11—15))]

j=0
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+oo
> v
j=1

B = max ¢ sup —

)
s€Zo X L (=) 2 2 Ba 0 (Mt1—)°)
]:

—+oo
>
sup — =
s€Zy Zotﬂ1(tj+1—tj)“_p+k2“2[Ea,a()\(tHl—tj)a)+Ea,afp(>\(’fj+1—tj)o‘)]
i=

Proof. Let Y and T be defined in Section 2. From Lemma 2.8 and 2.9, we
need to prove that 77 has at least one fixed point in Y.One gets

"Dy (Ti) (1) =
Jo(t = )P B ap(Mt — 5))n(s)g(s, 2(s), “Dlx(s))ds

+>\x0ta_pEoz,oz—|—1—p(>\ta)a te (th tl])

ftt (t — s)* P E, 0 p (At — 5))n(s)g(s, z(s), Cijx(s))ds

S

FA(E— 1,0 [xo 1 Aty — £y 1)?)

v=1

(23)

o\

_|_

.
-
i

( H+1E a( Aty — Lo 1)“)) Tty a(t;),°Dyy w(ty)

+i(r1E<< vﬁﬂx

=1 \v=j+1

S (8 = 51 Eaa(A(t; = 5))n(s)g(s, a(s), °DYy_a(s))ds| x

Ea,oH—l—p()\(t - ts>a)at € (t87 ts+1]a S € Z, r e X.

\
By (H3) and direct computation, from (9), (12) and (20), we have for ¢t €
(ts,ts+1] that

(To@-p)] o Jn0T Bea QD in(llglurl) Dy 2w))rlu)lde

ot - z; tjr1(tjpr—t;) T2t 2Eg o (A(tj41—t5)* )gﬁlE (Ato—tu-1)7)
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E.(A\(t—t5)%)
J+1(J+1 —tj )a+k2+l2Ea,a()‘(tj+1_tj) )SﬁlE ( (v v— 1) )

X

H'Mm

B2t = ) Ea o (At — w)*)n(u)]lg(u, z(u), "Dy x(u ))—T(U)\dU}

Eaa(Atsr1—16)%) Ji, (=)~ (u=t,)2 (to 1 =) 2 (|||, ||| )du

S s+1
Eotj+1(t1+1 —t; )a+k2+l2Ea,a()‘(tj+1_tj)a) Hl Eo(AMty—ty-1)%)
Jj= v=

<

EaO‘(tS—H*tS)a)

+

Jir, 6 =) = (= )0l el

Ea,au(tgﬂ —t.)%) [ (t—u)o 2 (u—t,)*2dud(||x||||=]])

E tip1(tjp1—t;) 2T 2E, o (A(tj41—t5)%)
=

<

oMt —t5-0)%) [T (1 =)o 2 (umty g r2dud((lal . |2]])

+oo
2 Vi P lellll=l)+
+=

2 B
Z J+1( J+1T —t; )a+k2+l2Ea,a()‘(tj+1_tj)a)

L T t) )(t—t) ket [ (1—w)o 2wk dwd(||]],||]))

Z tipa(tj—t;) T2t By o (A(tj41—t5)*)

7=0

<
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+oo
Zl‘/’j (I, II:EHHZ Eaa(A(t—t5-1)") (t—t;—1) 242 [ (1—w)+ 2= k2 dwd (||| ]
+J: j=1

Z J+1( J+1— —t; )a+k2+l2Ea’a()‘(tj+1_tj)a)

s+1
Z T([|2]l2][)+ 32 Baa(AMti—tj—1)*)(t;—tj—1)* T2 2B (atls ke +1)2(]|2]],] |2]])

< ! =
i S
2 i1 (1 —t) TR 2 Eg o (A(tj41-15))
=0
“+o00
S,
< sup = W(lf]], []=|])
- a+ko+l ’
s€Z Zotj+1(tj+1—tj) 272Eq,a(A(tj41—15)®)
=

+
Z aaA(tj—ti—1)®) (t;—tj_1)>TF2 T2 B(a+ls,ka+1)

(][, []]])-

+ sup * 5
s€Z, Z tiv1(tjor—t;) TR 2By o0 (A(tjp1—15)®)

Furthermore, from (9), (21) and (23), we have

°DP (Tx)(t) D", ¢(1)] ffs(t—U)“""1Ea,a7p(k(t—u)“)In(u)\Ig(u,x(u)fojw(U))—r(U)Idu
0, < 51.(1)

+)\(t%&))"*p [ijl ( ﬁﬂ Eo(A(ty — tp-1)" )> |J(t5, x(t5), DtJr :U( tj)) = Jil

EoampAMtss1=t:)%) Ji| (=) P Lu—t)*2 (t01 —w) 2 dud (o], ||]))

< 5
A(tag1—ts) e PH+1] 30 tip1(tj 1 —t;)* PR [E, o (A(tj41—t5)%) +Eaa—p(A(tj41—15))]
=0
_ a—p
+ _ A(t—ts) X

[/\(ts-&-l_ts)a_p"'l] Z ]+1( J+1 —t; )a prkatly [Ea,a(A(tj-i—l_tj)a)+Ea,a—p()‘(tj+1_tj)a)]
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+00
2 ¥ ([[ll lll])
j=

30 BualMty — to0)®) 2 (= )™ — £yt — u)edud(|lo]), ||o]))

< Eo.opA(tsp1—ta)®) (tsy1—t)* PR T2 B(a—p+p,ka+1) CI)(HI'H Hl’”)
A(tsp1—ts)*P41] Zotj+1(tj+1ftj)°‘7p+’“2“2 [Ea,a(A(tj+1=1))+Ea,a—p(Altj41-1;)*)]
=

AMtsp1—ts)* P Z Ea,o(A(tj—t;-1)*)(tj—t;_1)*TF2T2B(a+ly,ko+1)

O([|2[l [l=[1)

)
+ .
Mo =t 7 1] 32 b4 (ty11=) M2 Baa 41 -4)) +HBaap A1 —15)°)]

400
A(terl_ts)CPP Zl ¢j
Jj=

+ —— W(|[z], |[=]])
[A(tsp1—ts)* P+1] 2 tiv1(tjpr—t;) PRt 2[E, o (A(tj41—15)%) +Ea,a—p(A(tj41—-15)%)]
éil[Ea apAti=t5-1)*)+Ba,a (A(tj—t;1)*)](t;—t;-1)* T2 T2 B(a+ly,ke+1)
< (||, [|=]])
2 tin(ti—ty) PR [Bo o (A(t41—15) ) +Eaa—p (At 41-15) )]
+oo
;%‘
+= - = W(|[xl], [|]])
; tiv1(tipr—t;) PRt 2[Ey o (A(tj41—15)%)+Ea,a—p(A(tj41—-15)*)]
i[ Eo0—pAMtj=ti-1))+Ea,a(A(tj—tj-1)*)](tj—t;—1)*T*2 2B (a+ls, ko +1)
< sup = (||, |[=]])
s€Zy Z tiv1(tjpr—ty) PRt 2 [Ey o (A(tj41-15)%)+Ea,a—p(A(tj41-15)*)]
+oo
2 v
+ sup — U(||2|], [|]])-
s€Zy thﬂ(tﬁrl ty)* PRt 2 [Eg o (Mtj+1—t5)*) +Ea,a—p(A(tj+1—1;)*)]
Hence
[Thz — ¢|| < A®(]|z]l, |[z]|) + BY(|z]], |[z]])- (24)

It is easy to show that ¢ € X. Let » > 0 and define Q, =
{reX:|r—¢| <r}. For z € Q,, we have ||z — ¢|| < r. Then |z|]| <
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|z — || + ||¢]] < r+]|¢]|- Let ro > 0 be a solution of (14). From above
discussion, we have

1Tz = || < AP (ro + |[o[], 7o + [I¢l]) + BY (ro + [[¢]], m0 + ||0]]) . < ro.

It is easy to see that TQ,, C Q,,. Then, Schauder fixed point theorem implies
that T has a fixed point x € Q,,, which is a solution of IVP(2). The proof is
completed. N

Theorem 3.4 Suppose that (H4) holds. Let Ny = Z [AA; + BB

and A, B are defined in Theorem 3.3. Then IVP(2) has at least one solution
reY it
om—1

S < 101 0y = 1 with Ny < 1 or 8 > 1 with 1 0n=D"70 5 nr (95

677?1

Proof. Let Y and T} be defined in Section 2. By Lemma 2.8 and Lemma 2.9 we
seek solutions of IVP(2) by getting the fixed point of 77 in Y. Let ¢ be defined
by (20). We can get (21). Let r > 0 and define Q, = {x € X : ||z — ¢|| < r}.

For z € Q,, we have ||z — ¢|| < 7. Then ||z|| < ||z — ¢|| + ||¢|| <+ ||8]]-
Using (H4), use (9), (20) and (12), we find similarly to the proof of Theorem
3.3 that

> Baa(A(tj—t—1)*)(tj—t;-1)* T2 2 B(atly,ke+1)

(0ol < 3 | gup = A
Oo(t —= 5
O( ) i=1 | s€Zy E t]+1(t]+1 —1; )O‘+k2+l2Ea a(/\(tj+1—tj)a)
=0
+00
S
+ sup = ]_ B; Hx| O1it02i
seZy _ZOtj+1(tj+1—tj)a+k2+lea,a(A(tj+l_tj)a)
j=

Furthermore, use (9), (21) and (23), similarly to the proof of Theorem 3.3, we
have
D2, () ()= DY (1)
o1(t)

s+1
2 [Baa—pA(ti—tj-1)")Ba,a (At —tj-1)*)](t;—tj—1)* T2 2B(a+lz, ke +1)

<Y |sup =5 A;
i=1 | s€Zy Zotj+1(tj+1—fj)“*”+k2“2[Ea,a—p(k(tﬁl—fj)a)+Ea,a—p(/\(tj+1—tj)o‘)]
=

+o0
PR
+ sup — = B;| ||z
s€Zy ZOtj+1(tj+1—tj)afp+k2+12[Ema_p()\(tjﬂ—tj)a)+Ea,a_p(,\(tj+1—tj)a)]
i=

015+02; )
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It follows that

1Tz — ¢|| < é[AAi + BB [r + 6|17

= Nofr -+ [0}

<[+ |l i AA; + BB ||

The remainder of the proof is similar to that of Theorem 3.2 and is omitted.

The proof is complete. N

4 Examples
In this section, we present examples to illustrate Theorem 3.2 and Theorem 3.4.

Example 4.1. Consider the following IVP

(D3 a(t) — x(t) =

_1 |z(t)] g t1/6|“D§ x(t)|
(A B + A ((1+t2)E2/372/3(t2/3)) ((1+t2)E2/;5/6(t2/3) ;a.e.,t & (0, -|—OO),

z(0) = xy,

Ax(s) =27°

j2(5) o [ s151D8 a(s)
b+a ((1+52)E2/3,2/3(32/3)) ((1+32)E2/2;/6(52/3) S € Z’

where A, B, a,b € IR are constants.
Corresponding to IVP(1), we have o« = %, p = %, A=1, k = —%, m(t) =
,ts =15, € Z, and

\

=

-

_ u ? t1/6|v| T
fltuv) =B+ A ((1+t2)E2/3,2/3(t2/3)> <<1+t2>E2/3,5/6(t2/3>> ’

_ 9—s u 7 s1/5]v '
I(Sa u, U) =2 [b ta ((1+s2)E2/3,2/3(s2/3)> ((1+32)E2/375/6(52/3)> } '

Hence (i), (ii) and (iii) in Section 1 are satisfied.
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Choose o0 = 2. Then o > max{—ky,a + k1, a} and
14+t2) By 3,576 (t*/° o T
F (6 (1 2B (12, 00 ) — B Al ol

2 5 6 (s2/3 s o T
I (s, (1 52 B p(s¥)u, B2 00 ) — 9 b aful” [of).
Then (v) in Section 1 holds.

Choose m =1, 011 = 9, 091 = 7,61 = o+ 71, r(t) = A and I, = 27°D,
s =27% A; = |A] and By = |b|. Then

£ (1 (U4 17) B (1), SO0 ) — ()| < Ayl o,

tpP

I (5.1 8By (5)u, EHE B0

sp

S < ¢sBl|u|511’@‘621'

Hence (H2) in Section 3 holds.

By direct computation we have

(a+ki)/o
Ny = max{(a—a—kl)B(aJﬁ—i-l) (o—a—kl)B(a—p,kj—H)} ( atky ) Al

o ) o(a—p) o—a—k;
o—a (_a Y0 Ao— pfo = _s
e { (£(a) + 2222 (2)"7) 28 ()" ol 2
j:

max{ 3B(2/3,5/6) 3B(1/2,5/6)}

— 1 %’ 2 ‘A|—|—max{ (2/3) + \Lf %1%}‘64.
Using Mathlab7.0, we have Ny < 2.6|A| + 2.2|b|.
Furthermore, we have for t € (s, s+ 1] that

[6(1)] [A] t -1 —1
TP B S [TEs 73 o (= 9) 7 Bayaps((t = 9)7)s™0ds

|0 2/3 0] 2/3
+(1+t2)E2/2,2/3(t2/3)E2/3(t / ) T (1+12)Es/3,2/5(t*/3) Z E2/3((t N ]> / )

4]
— 1+4t2

BN b = os
At T T _212
J:

fot(t — ) 35 Bds +

< 1AL B(2/3,5/6) + |zo| + |b]

14¢2

< 1.8]|A| + |zo| + |b|
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and use (7), we have

t1/% 45 1
2
1+2772/3-1/6

#°DE, o() < AL

3y~ 6
(1+t2)Eg 3,1 /2(t%/3) — u du - \560’

1+t2 O

1/6 & 1
+|b‘1t+t2 22 (= )22/3 1/6

< 2.3‘A| + 2|33()‘ + 2‘b|

Then
|¢] = max q sup 20 sup t1/° @2 ¢( )|
te(() —|—OO) (1+t2)E2/372/3(t2/3) ) te(o +OO) (1+t2)E2/3 11/6 t2/3 0+
< 2.3|A| + 2|xg| + 2[b].
Since
oc+717<1or
o+ 7 =1 with 2.6|A| + 2.2|a] < 1 or (27)

o+ 7 >1 with (2.3[Al+2]zo[+2[6) 7T (047 —1) 7T > 26|A‘ + 22|CL‘

(o+7)0+7
implies (19) holds, by Theorem 3.2, IVP(26) has at least one solution z € X if
(27) holds. This example is ended.

Example 4.2. Consider the following IVP
(D S+x( ) — x(t)

=(t—s)"3(s+1—1t)1 B+A<

a.e.,t € (s,s+1),s € Z, (28)

x(0) = x,

Ax(s) =27°

o CD% x(s "
b a (565) ( %;35“) ]Z

\
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where a,b, A, B € IR, 0,7 > 0 and

s+1
So(t) = E2/3’2/3(1)(s+1)(28+2)[Em(l)] ,t€(s,s+1],s € Z,

01(t) = (Bayz1/2(1) + Eoyz2/3(1) (s 4 1)(s + 2) [Eoys(1)] Bz aa((t — t5)*?),

te(s,s+1],s € Z,.

Choose m =1, r(t) = B and J; = 27°b. Then

17 (8, So(te)u, 81(2)0) — J.] < laleslul]o]",

g (£, (do(t)u, 1 (t)v) —r(t)| < [Alul[v]".

One sees that (i), (ii) (iv), (vi) and (H4) hold. By Mathlab 7.0, we have

T — max {Sup 2Eas.05(UB(T/12,11/12) 2[E2/3,1/2<1>+E2/3,2/3<1>1B<7/12,11/12>} <19,

2)E 1 ) NEs /2 o/2(1)+E, /- 1
seZy (5+2)Eg/39/3(1) seZy (54+2)[Eq/3,2/3(1)+Eg/3,1/2(1)]

“+ o0 . +oo .
B 23 2 23 2
B = max { sup = , sup =
(s+1)(s4+2)Eq/3,2/3(1) (5+1)(542)[Eg/3,2/3(1)+Eq/3,1/2(1)]
seLy sel

1
< E/32/3(1) <08

We have for t € (s, s+ 1] that

20l < o) ftt (t =) Eaa(At — w)*)n(u)Bdu + |20 [] Ea(A(ts — t-1)")

v=1
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+i( I antvwa)) 2jb+i( I Ea<A<tvtv1>a>> %

j=1 \v=7+1 J=1 \v=j+1

St = ) B0 (At — w)*)n(u) Bdu| Bo(A(t — £)%)

“+o0 . s+1
[zol+ 30 27|+ Bl 3 Ea,a (At —tj-1)*) (t;—tj—1)* 2 2B (a2, ka+1)

< j=1 j=1
J— S
Zo tir(tj41—t5) 022 Eq o (A1 —t5)")
i=

_ 2|wo|+2[b|+4(s+1)| B|Eg /3 2/3(1)B(7/12,11/12) < |zo|+[b]-+2|B|Ey/3.2/5(1)B(7/12,11/12)
o (j+1)(s4+2)Eg/3,2/3(1) Ey/3,2/3(1)

and

|CDp+¢

01 (t — 61 ft a pilEa,a—p()\(t - U)O‘)n(u)Bdu

j=1 \v=j+1

+ Es: ( ﬁ EaO‘(tv tvl)a)> X

St = 0 B0 (At — 0 )n()r(w)du| Bg (At = 1)7)

—+o00 . s+1
|zol+ Y2 277(b|+|B| Z [Ea.apAtj—tj-1)*)+Ba,a(At;—t;—1)*)](t;—t;—1)* T2 2B (a+g, ko +1)
j=1

IA

2t (ty1 1) P42 B o (At ~)°) + By (At 1 1))

s+1
|zo|+[0]+|B| Z (Eo/3,1/2(1)+Eg/32/3(1)]|B(7/12,11/12)

<
Z (J+1)[Ez3,2/3(1)+E2/3,1/2(1)]

|$0|+\b|+2\BHE2/3 172(1)+Eg/32/3(1)]B(7/12,11/12)

Ey/32/3(1)+Ea/31/2(1) '

<

It follows that

zo|+|b|+2|B|Eg/3.4/3(1)B(7/12,11/12
H¢H§maX |20 |4]0]+2| B|Eg/3.2/3(1)B(7/ / )’
Ey/3,2/3(1)
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|zo|+[b]+2] B|[Eg/3,1/2(1)+Eg/3,2/3(1)|B(7/12,11/12) }
Ey/3.2/3(1)+Eg)31/2(1)
< 0.8‘560‘ + 0.8|b‘ + 3.7|B|.
Then Ny = A|A| + Bla|. Since

o+7<lor o+7=1with 1.9/A| +0.8|a] <1 or
(29)

o+ 7> 1 with (0.8|x0|+0.8|b|+:(3(;7J|rzj)|()jl+—T<)a+T>(a+¢)a+7_1 > 1.914] + 0.8/d]

imply (25) hold, we know from Theorem 3.4 that [IVP(28) has at least one so-
lution x € Y if (29) holds. This example is ended.

Remark 4.1. We can prove that IVP(1) has at least one solution if
(), (i), (i), (v) bold, f (£, (14 1) Eq (N, HE22 00y ) s bounded

tP

400
and there exists positive sequence {15} with > ¥, < +oo such that
s=1
(1, () Ba () o, S B0
Vs
Remark 4.2. It is easy to prove that IVP(2) has at least one solution if (i), (ii),

(iv), (vi) hold g(t, 60(t)u, d1(t)v) is bounded and there exists positive sequence

{4} with Z s < +00 such that 2 ’5°(t‘22?’51(t3)v) is bounded.

is bounded.
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