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Abstract

In this paper we presented the partial differential equations for the wave-pockets in

the Minkowski 4-dimensional spaces, and their relationship with the Schrédinger equation
for the elementary particles[7]. In this paper we show that the Schrédinger equation does
not describe the propagation of a single wave-pocket of an elementary particle but to the
stream of particles.
Because of that it has only a statistical meaning that can be applied to the stream of
particles, and only its probabilistic interpretation to a single particle is well founded. That
is, it is not a wave description of a single particle, but represents only its probabilistically
determined position in a given space.

In physics and mathematics, Minkowski space (or Minkowski time-space [4])
is the mathematical setting in which Einstein’s theory of special relativity is
most conveniently formulated. In this setting the three ordinary dimensions of
space are combined with a single dimension of time to form a four-dimensional
manifold for representing a time-space.

In theoretical physics, Minkowski space is often contrasted with Euclidean
space. While a Euclidean space has only spacelike dimensions, a Minkowski
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space also has one timelike dimension. His famous article ”Space and Time”,
begins with the following text: ”The conceptions about time and space, which I
hope to develop before you to-day, has grown on experimental physical grounds.
Herein lies its strength. The tendency is radical. Henceforth, the old conception
of space for itself, and time for itself shall reduce to a mere shadow, and some
sort of union of the two will be found consistent with facts.”

Differently from the pseudo-Euclidean Minkowski space [4], where time is imag-
inary and Euclidean three dimensions real, here we define the basic time-space
four mutually orthogonal vectors e;,0 < j < 3, by the following matrix:

€0 1000

07200
= Z : , with imaginary number ¢ = +/—1.
€2 0020
€3 000 2

Note that the matrix above is a particular case of the Minkowski tensor using
a four-dimensional time-space, which combines the real dimension of time with
the three imaginary dimensions of space.

Consequently, a vector of position in this space-time 4-dimensional system,
w.r.t. a given referential coordinate system, is given by

1'_4> = ctey + xe; + yes + zes = cteg + ?),

where t is the time (i.e., ¢t is the timelike component of r_4>, where ¢ is the ve-
locity of light in the vacuum) and T = ze + yes + zes is an ordinary Euclidean
vector with x,y, z three spatial coordinates.

Its infinitesimal amount is defined by d's = cdtey + dvey + dyes + dzeg, where
dt,dx,dy and dz are infinitesimal amounts of time-space dimensions.

Thus, in this 4-dimensional system the time is real while the three orthogonal
space coordinates are imaginary. This choice is adopted in order to have that
the distance

ds? = dsds = (cdt)? — da? — dy? — d22,

for all local time-space reference systems of observations of quantum events be
the positive real value (where space dimensions are limited).

Let us denote by Tr(t) = 2(t)e; + y(t)es + z(t)es the vector that lies on the
Euclidean 3-dimensional particle’s trajectory. The 4-dimensional velocity of a

given material point (tangent on its trajectory) in this Minkowski space is then

defined by
\74> = ddj = ceo —|— Uge1 + vyes + ve3 = cey + ?,

where v = at r T(t) = vze1 + v ez + v e3 is the standard definition of the ve-

dx dy dz

Uy = g Uz = g and

locity in the 3-dimensional FEuclidean space, with v, =
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v = V]| = \/ v2 +v2 + v < c. The unitary 3-dimensional velocity vector is
%
defined by i, = v

(%

Then we have that |[v]| = \/02 — vz —v2 —v2=cy\/1— % where 3 =7

The trajectory of a material point that moves in the Minkowski 4-dimensional

space 13;7 a veloolty v} is defined by the unitary tangent vector of this trajectory

TSN T i T A T AT At e

Then the vector Eo?, where Ey = moc? is the energy of the elementary par-

ticle with rest mass mgy > 0, is the well defined invariant (independent of a
referential system in special relativity theory) 4-dimensional energy-momentum
vector for massive particles in the Minkowski spaces, that is,

Ey 7 = mctey + cmugeq + cmuyes + cmu.es = Feg + P,

g o . : : :
where m = i is the relativistic mass for a given velocity v of this particle,
E = mc? is its total relativistic energy, and 5) — mV is its 3-dimensional

momentum.

Thus, both fundamental properties of a particle, its energy and its momentum,
are two physical values that are propagated on the particle’s trajectory with
the velocity v. Consequently, the energy and momentum on the particle’s tra-
jectory are the functions that depend only on the time t.

An 4-dimensional angular wavenumber vector k4, and its correspondent 4-
dimensional momentum vector ﬁi, in this four-dimensional time-space are given
b

K = kieo + kper + kyen + koes, and P = fik,.

In what follows we will denote by k = k,e; +kyes+k,es the spatial component
of the angular wavenumber vector, with k* = |k|* = k2 + k. 4 k2, so that
k2 =Kok, = k2 — k2.

The mutually independent space-components are defined as usual by k&, =

21 _ 2m _
P ky_)\ya kz—

and z respectively, and \ = 2% is the (total) spatial wavelength. Let w = 27 be
an angular frequency that depends on the space- components V= % with a time

%7 where Az, Ay, A, are spatial wavelengths w.r.t the axes x,y

period T'. Thus, \; = T is the time-like wavelength and k; = <& = w(k) depends

on the space components in k4, so that it holds that dky = dk = dk‘ dkydk.,
and k4r4 = ko + kyy + k.2 — w(k)t, and k4v4 = w(k) + KV
Remark: from the relativistic theory we have that for each massive elemen-

tary particle (with rest mass mgy greater than zero) it holds that w(k) =

+cy/k? + (moc \ h)2, where h = J- is the Dirac’s constant, for the Planck’s
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constant h = 6.6210734Js.

Note that we assume that w can be positive or negative (clockwise or counter-
clockwise angular frequency), so that the energy of the particle is F = h|w],
where |_| denotes the absolute value. In the rest of this paper we will consider
the cases when w is positive.

Notice that if we @resent an elementary particle,_)with energy ' = hw and

momentum P = hK [1], by a single harmonic Ae~™T1 in this four-dimensional

space, where ky = “eg+ k = %eo + g, then we obtain that k? = (%)2 — k=0

for particles with rest mass equal to zero (photons, gravitons, etc..), and k2 > 0

for the massive particles (with rest mass my greater than zero). In fact, we
moc

obtain that |ks| = “° where wy = ™% is the invariant angular frequency for

particles (analog to the invariant rest mass mg of particles). Thus, similarly
to the 3-dimensional angular wavenumber vector k that in phlsics means the
particle’s momentum, the 4-dimensional angular wavenumber k4 has a physical
meaning as the particle’s relativistically invariant angular frequency.

O]

The plan of this paper is the following: In Section 1 is introduced the concept
for wave-pockets of matter-events in the Minkowski space, and are defined its
integral expressions for the energy and momentum. Then in Section 2 are pre-
sented the definitions of partial differential equations of the first and the second
order for these matter’s wave-pockets. Finally, in Section 3 is elaborated the
relationships with the Schrodinger differential equation of elementary particles
and is demonstrated that it can be derived from differential equations for wave-
pockets, defined in Section 2, as special case of the coherent dense stream of
particles of the same type. Consequently, it is demonstrated that Schrodinger
differential equation of elementary particles has only the well known statistical
meaning if applied to a single elementary particle.

1 Introduction to wave-pockets of matter-events in the
Minkowski space

In [8] was presented that in any given instance of time ¢, any matter-event in

]

this time-space is a particular time-space perturbation W(rj), can be mathe-

matically given by the following Fogrier transformation:
U(T]) = W(2,y,2,0) = [ Clky)e’ Tk, =

= [A(k)eCKTE0dk = (where A(k) = O(ky) = C(1/(2®)2 — k2 ))

c
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_ fff+OOA i(kpx+kyy+k.z—w(k >t>dk‘xdkydkz
It is a space- dlstrlbutlon of a particle in a given instance of time ¢, and it
changes in time, that is, the amplitudes A(k) are generally dependent on time
as well.
Mathematically, these matter-events are complex functions, composed by one
real and one imaginary component. The amplitudes A(k) of the harmonics, in
a given instance of time ¢, are given by inverse Fourier transformation,

= fj;o U(x,y, 2, t)e ke thyythea=wk)) do dod .
The elementary particles are pocket waves that propagate in this four-
dimensional space. .
Thus, for such particular stationary cases we have that dw(k)/dk is constant

(that is, it does not depend on the variable vector k), equal to the particle’s ve-
locity V= —vge1; —vyes — U.e3 (negative sign is the consequence that e;, 7 > 1
are imaginary, thus the scalar products of (only) spatial vectors are negative),
that can depend on the time ¢t as well.

Conseguently, for any fixed 1nstance of time ¢, by mtegratlon we obtam that,

0) [ dw = w(k) —wko —fk VdK = —?fﬁdk V(X — k).

Where the constant ko = g for a given momentum p = pz€1 + pyea + p.eg of
a particle that is Colhnear with the velomty 7 that is, p PV = —pv. Because
of that we can write p = Diy, v = UZU , where ZU 1s unitary vector tangent to
the trajectory of a particle (i.e., i, i, = —1). Thus,

w(k) = wo + vp(ky — B) + vy (ky — 5) + v, (k. — £2),

where wy denotes the constant w(ky) that does not depend on k but may depend
on time as we will see in what follows.

The phase velocity of a particle’s pocket-wave, observed in a given referential
system, is defined by ¥ = 2.

The constant wy is determlned as follows in the following two cases, by consid-
ering that the angular frequency w(k) for its particular values is correlated by
De Broglie to the total energy o particle £ = hw(k):

e Case for massive particles (with rest mass mgy > 0), denominated as mass-
particles as well: when V =0 then the energy of this particle is £ = mc?,
that is, the energy in the rest-state of this particle. Consequently, from (0)
we have that wy = w(k) = 2=
Consequently, for the total energy of these mass-particles that propagates

o
with velocity v = \?L with 8 = 2, it holds that,

B = v/(moc) + (pel? = /(i + (pe)? = 2 = o,
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where w, = wy/+/1 — % is a computed angular frequency relative to the
velocity v of this particle w.r.t. the reference system of an observer (for
different observes in different referential systems, that move with different
velocities, this computed value of the same observed particle is different).
For an observer in a given fixed position (the origin of its coordinate system,
for example), this observed particle’s frequency is by Lorentz low slowed
down by the factor /1 — 32, so that the really observed particle’s angular
frequency of the observed wave-pocket \If(r_i) given above is constant and
equal to wy\/1 — %2 = wy. Thus, wy is the angular frequency of this massive
particle equal in any inertial system (without acceleration), that is, an
invariant as is the rest-mass my.

e Case for massless particles (with rest mass mg = 0): they propagate, as
usual, with very high velocity ¢ > v > 0 equal to the maximal velocity
of light if this particle propagates in the vacuum, thus the zero value of
equation (0) we can obtain when k = k= % Consequently, the value
of F is the total energy of this particle with the given momentum 5), SO
that wy = w(k) = w(?) = £. The total energy of massless particles is
defined by E = hw, = (hko)? = p¥. When a particle propagates in the
vacuum then v = ¢, so that £ = pc.

When the total energy changes in time, to a fixed observer this angular
frequency appears to change as well (for example, the relativistic effects
for red-shifting of photons for a fixed observer). Thus, differently from
massive particles where for a fixed observer 85?’ = 0, here wp can change in
time, if a particle changes its total energy during the propagation.

Consequently, for the wave-pocket of an elementary particle, and given refer-
ence system, we have that

(1) VY(z,y,z,t) fA el —w )l =
— fA 72 k? 7(k k()) )dk)eflwmf:
fA i(K ko) (¥ - Vt)dk,)ei(fl?g?—wot) _

= O(T, t)e’ R O(T, t)eik - T =00,

In what follows we introduce the spatial vector U=T7 - 715, that is equal to
zero for the time-space points of particle’s trajectory.

The ”corpuscular” geometric wave-pocket shape (matter’s distribution) of a
particle, that appears to a fixed observer is given by

(T, t) @xy,zt [ A(k) *Zkko?m)dk

= [A(K + k|)e K ¥dk =
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(here we denote by B(k) the value A(\ + o\)),
_ fff—i—ooB (x—vat)+ky(y—vyt)+k. (2 vzt))dkmd ydkz
_ fff+OOB i(kpugp+kyuy+k, uZ)d]C dk dk..
In the case When a particle propagates in the vacuum with a constant velocity
V (stationary case), then the coefficients B(k) does not change in time, i.e.
agi ) = = 0, so that the’ corpuscular” geometry (matter distribution) does not
change in time and ®(T,t) = (W) = (T — Vt) = B(z — v,t, y — v, 2 — v.t)
is a wave-pocket that propagates with a velocity
Thus, based on standard Fourier transformation, the function @(?, t) is a real
function, differently from W(x,y, z,t that is complex. The real and imaginary
components of ¥(x,y, z,t) are determined by the oscillation of the complex os-
cillator component ei(_?T_“’Ot), that is an oscillation identical to the complex
plain wave (like, for example, the complex electromagnetic plain wave). The
amplitudes B(k) of the harmonics can be obtained by the inverse Fourier trans-
formation for each given instance of time ¢, by:

fff+OO<I> (z,y, 2, t)e~ hattethyty +h: ik, dk,dk..
Thus, generally any particle is determined by the pocket-wave W(zx,y, z,t)
composed by two sub components: by the corpuscular matter distribution
®(x,y, 2,t) that is a real function, and by the 'phase wave’ e'? that is a complex
function of the particle’s phase ¢ = —¥ — wot.
For any matter-perturbation of an elementary particle that propagates in the 3-
dimensional space with a velocity that changes in the time, because of external
forces that influence this particle, the 3-dimensional wave-pocket distribution
®(z,y, z,t) changes as well, but it must satisfy the conservation matter prin-
ciple, that is, at each given time instance ¢ it must be satisfied the following
mvariance property:
(2) 1lo=/[] fj;o O(z,y, 2z, t)dzdydz = [ [ fj;o O(x,y, z,0)dxdydz > 0,
where 14 is a time-invariant constant value of an elementary particle (not neces-
sarily equal to 1), and V(%) is a finite cube (or sphere) which contains the whole
”corpuscular” wave-pocket in a given instance of time ¢, and dV = dxdydz.
We define the minimal (limit) cube V,,(t) = lim(23 A X AY A Z), such that in
this time-instance t, ®(z,y,2,t) =0for (z < —AXorzx > AXory< —AY
ory>AYorz<—AZorz>NZ).
The real function ®(x,y, z,t) is the ”corpuscular” geometric wave-pocket form
of a particle that propagates in the ordinary 3-dimensional space with a veloc-
ity V = vge + vyes + v.e3). In the stationary case, when it propagates in the
vacuum with a constant velocity, it has constant distribution, that propagates
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as pocket-wave ®(U) = O(T — Vi) = ®(z — v,t,y — vt, z — v.t).
Analogously to the Schrodinger’s approach, used to derive its equation based
on total energies of particles, with the mapping £ — ih aaw that does not take in
consideration the spatial matter-distribution of a particle (considering in stan-
dard quantum theory only the pointlike particles), here, differently, we define
the total energy E in a given time instance ¢, of the time-space perturbations
defined by wave-pockets (1) and (2), by taking in consideration its real spatial
matter distribution. Thus, by definition of a spatial z'ntegml as follows [6]:

_ +o0 . acb( ot acb v t)e ot
(8) E(t) = |[ 2 av| 1 = | §, , ihHGdV |/,
where dV = dxdydz

Thus, the energy of the particles is and integral over Euclidean space, so it is
only dependent on time in the 4-dimensional Minkowski space, so that wy = %

is only dependent on time (for massive particles it is a constant),
In [6] for the massive particles it was obtained that their momentum p is an
integral over Euclidean Space thus only dependent on time, i.e.,
(4) p(t) = |§Vm( —ih~ V) (x —vgt,y —vyt, 2z — v, )dxdydz|/1q>,
p(t)

and, consequently, ky(t) = 5~ as well.

2 Partial differential equations for wave-pockets

Let V = elaax + egaay + 63862 be the gradient, so that the Laplasian is defined
by A = -V? = 812 + ayQ + 822 Then the derlvzilon of the wave-pocket along
its trajectory with the unitary tangent vector 7, on the trajectory, collinear

with the vector of its velocity ¥V = vi, = i, \/ v2 +v2 +v2, is denoted by

%
the operator i, V. The pgo?pagation and geometric form of the wave-pocket
U(z,y,z,t) = CID( ', t)e!"~“0Y) of an elementary particle that propagates
with velocity 7, are defined by the following differential equations [8]:

(e.1) eiw@ta%T_;W = _,L-a(cau?t))@ +VIVD 4 Op(T 1), where,
= 5(V), (T 1) = [IT Hel eIl kO, d ks

aB()_O

(e2) I = —iw,U +VIVT + Up(T 1),
where \IJD(?),L‘) = (I)D(?,t) Z‘(*ﬁﬂuot)

U1 2 awp vi 0p 2, —> v _
S ﬁ))m — BB — (2 + ik — i — (2 - 3BV =
= plLr t

where w, = wy + ? YL with w = 5 (p? + wot) = %a—ﬁ—l—%(wot), V] =\ —VIVi,
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can change in time during the propagation. The right side of (e.3), Yp(T,t) =
(V1V® p—12wPp + ‘9%) i(-BE ’“’Ot), is different from zero only in unstation-

ary cases when ®p (T, t) #£ 0.

In the stationary case, when w, and w; = wy are two constants, this equation

can be given in a simpler D’Alambert-like form

(e4) (2780, - 120 — 12Ty, gy,

where Uy = e !U( T, t).

Notice that a“‘) # 0 only for the massless particles in their unstable states and
very-very short interval of times At ~ 0, when they change their total energy
FE = hwy during the collisions with another particles (the Compton effects). In

what follows we will denote by £ = hw, the energy associated to this angular

frequency wy,.

The stationary case is obtained when a particle propagates with constant total
energy E and constant value & = hw,. Thus, in such a stationary case we have
that ®p(T,t) = 0, Up(T,t) = 0. It is easy to verify that the stationary case
is one, for example, of the following two cases:

1. When a particle propagates with constant momentum 5), velocity v (thus,
ov _ 0P
ot T ot
particles as well). Thus, without any acceleration. In that case w, is

constant as well, with constant & = A( 2 8@1; +2 (wot)+ pvl) = h+ PV =
hwy —

= 0), and total energy F (in that case wy is constant for massless

2. When a particle routes with constant radius R around a fixed center, with

constant angular velocity v = W)' = =,
p = \?| and total energy FE. In this case we can obtain w, constant in
a particular coordinate system: coordinate center of the reference system
x,y of the plain in which this particles routes. Then, the position of the
trajectory of this particle in a given moment ¢ is equal to r T RZ'_9> where

29 is a unitary radlal Vector Wlth angle 9 = vt Wt the axis z. In this

constant value of the momentum

case the acceleration % = —|2¥ \z and = |28 o |19 are radial vectors
that have the constant values and are orthogonal to the vectors of velocity
V and momentum p So that, =0, 5)85.? =0, and

Wy = 8t(p? + wot) + ﬁvl +w0+%ﬁ(7+ta§>) wo + hp? =

_ pv

= Wy — 7

Here both wy and pv are constant, and, consequently, we obtained the
stationarity condition aat 0 in all points of the trajectory of this particle,

with constant £ = hwy + P TV = huwg —
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Notice that in both stationary cases above we obtained that this partlcular
constant energy is equal to &€ = fiw, = fuwy+ P PV = hwy—po. If wp = wy + 52 pvl
is computed for current space-time positions on the partlcle s trajectory, then
in this particular case, wy is taken as a derivation 2 E of the current particle’s
phase ¢ = —@ — wot (we have that U(T,t) = (T, t)e) and express the
particle’s phase-changing on its trajectory.

Notice that the energy changes only during collisions with another particles
(Compton effects; we consider a "field” as a statistical result of the iterations
with bosons of this particular field), so that after it this particle continue to
propagate again as a stationary particle, but with new values of total energy F,
velocity ?, momentum 5), and new stable wave-pocket geometry (distribution)
@(?—Vt), so that it can be described by the simpler stationary-case differential
equations: |

(e.1.1)  eiwotde 0 — (—zw +
(e21) 92— _igy 4 230gy,
where, when a velocity

A37)

— V41 =V

Notice that we have particular statlonary cases when 7 is not constant as for
instance, for a stationary electron that rotates around the nucleus of an atom
with a constant radial acceleration (in that case ﬁ7 and total energy of this
electron are constant, thus &€ = FE + 5)7 is constant as well).

It was shown [6] that, in the case of these massless elementary particles that
propagate in vacuum with the velocity of light ¢, we have that this ” corpuscular”
wave pocket in the stable(general) state corresponds to the Dirac function (with
A(k) = B(k) = 1/(2n)?), 6(T — Ct) = 8(x — cut,y — cyt, 2z — cot) = 6(x —
crt)0(y — ¢yt)d(z — c.t). It is reasonable assumption that the volume of a
distribution ® (where it is greater than zero) of a massive particle (with rest
mass mg greater than zero) is always greater than zero, so that it is a reason
that such particles can not reach the limit velocity of light. In the analog way,

the massless particles (with rest mass equal to zero) must have, in their stable
state, this volume equal to zero, so that their distribution ® is equal to Dirac
function above, and they are able to propagate with the velocity of light in the
vacuum. The non stable states of particles with rest mass my = 0 can have
more complex wave-pocket forms and it happen only in a very short instances
of time, when the particle enters in strongly unsymmetric space region, as will
be explained in what follows. In such situations its velocity of propagation
becomes less than the velocity of light in the vacuum so that this particle can
have a similar behavior as massive particles with ® that occupies a limited but
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nonzero volume (so called spatial explosion of excited bosons). This unstable
state of the particles with my = 0 tends to come back into the stable state with
Dirac function geometry for distribution .

The interactions between any two pocket-waves (particles) can be obtained only
by their local collisions, and depending on their energy and velocities they can
produce a kind of Compton effects (elastic collisions) where they survive the
collisions by chaining their momentum and energy (with conservation of total
momentum and energy), or can make total fusion between them with possible
creation of new stable particles (in Feynman’s diagrams). In order to be able
for two pocket-waves to have a collision, and mutual interference, at least one
of them must have a volume V,,(¢) (in a given instance of time of mutual
collision) greater than zero. So, from this point of view, it can not happen that
the distance between any two particles becomes equal to zero, so that we avoid
classic infinitary problems of gravitational and electronic fields and forces where
the particles are pointlike, so that it is possible to have the distances between
particles equal to zero with, consequently, infinite values of gravitational (or
electric) forces.

The particles with V;,(t) equal to zero are, for example, the particles with
O (z—w,t, y—vyt, z—v,t) equal to the Dirac function §(x —v,t, y—v,t, 2 —v.t) =
d(x —v,t)(y — vyt)d(z — v,t).

Thus, for any two particles with the ” corpuscular” form given by Dirac function,
it is impossible to have the collisions in their stable states, but only when they
are excited and are involved in their temporary ”spatial explosions”. Such
explosions can happen also when two stable particles are very close one to
another so that the ideal spatial symmetry for a free particle in the vacuum
does not hold more: it explains why, for example, photons can interact with
gravitons (i.e., gravitational field) and may have the gravitational redshifts.
Because of that, it will be natural consequence that the massless particles, as
bosons (gravitons, photons, etc..) in their stable states, will have the volume
Vin(t) equal to zero (with Dirac function for their distribution ®). In that
case they can be used as intermediators between the massive particles (that
have the rest mass and the volume V,,,(t) greater than zero), that is, to be the
quantum-correspondence for the ”fields” (the statistical events as gravitational,
electromagnetic, etc., that are statistical results of actions of a high number of
bosons), by avoiding in more common situations the significant interference
between themselves.

In the stationary cases, the basic equation (e.4) can be divided into following
cases:

Electronic Journal. http://www.math.spbu.ru/diffjournal 56



Differential Equations and Control Processes, N 3, 2011

e When the velocity v = 0, we obtain a simple equation:

(e.4.0) 38;21 = 0, that is, %27‘3 = —wiv,

with a simple solution, ¥ (x,y, z,t) = ®(xz,y, 2)e “".

e When the velocity v and the momentum ﬁ are constant vectors dur-
ing the propagation, different from zero, then vi = ?, so we obtain

D’Alambert equation where v is a constant value:

(edl) AW —LZh —,

with the solution Wy (z,y, 2, t) (T 715) (- V) thus,
U(z,y,2,1) = Uie ! = (T — Vi)ell~ 5wl

e The case when the velocity V with v > 0 and the momentum v change

only the direction (they are collinear vectors in each instance of time)
B? = a ) = (0 and
v1 = v is constant as well (this case includes the second case in Example
2 as well: when the velocity of massive particle with rest mass my is
V = v(—cosbe; + sinfey), where § = vt = +t is the angle w.r.t the
axis x of a particle that routes around the coordinate center with constant
angular velocity v = % on circular orbit with a radius R).

R

Thus, from (e.4) we obtain an extended D’Alambert equation where v
|V V| > 0is a constant value: (e.4.2) AWy — U—g% = O(T, 1),
where O(T,t) = (avlv\IJ + z‘gaﬁ Uy). Thus, we obtain a general

solution Wy (T — 775) = O(T — Vt)e R (T-V1),

during a propagation, but not their values, so that —

2:

Notice that the massive particles that does not change the total energy E dur-
ing a propagation are always in the stationary states. In all cases, the geometric
form (the distribution @) of a particle in a given time-instance ¢ depends on the
particular boundary conditions for the differential equations as well. In the case
when they are far from another massive particles (usually it can be considered
if another particles are far from this particle in order of one millimeter), then
® is symmetric w.r.t. the direction of propagation. Otherwise, the boundary
conditions for these differential equations can drastically change, with the result
that ® can become enormously bigger than in normal situations, that is, they
can instantaneously ”explode”, because the single harmonics of the Fourier rep-
resentation of ®(x,y, z) in a given time-instance ¢ are contemporarily present
in the whole 3-dimensional Euclidean space.

Let us consider, for example, the case my = 0 of particles with rest mass equal
to zero:

In their stable state, enough far from another particles, they have the
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Dirac function for geometric wave-packet form [6], ¥(z,y,z,¢) = 0 (7 —
775) expi( (-PT-Et)/h

But there are the situations when a stable, stationary, photon becomes excited
for a short interval of time, as in the situations when is sharply broken the space
symmetry during its propagation(thus, the boundary conditions for the differ-
ential equations of particle’s propagation are drastically changed). In all these
situations a photon may change its momentum, direction of propagation and
its velocity, without changing its total energy, because these ”interactions” are
not based on collisions with another particles (as Compton effects, or fusions),
but on instantaneous space explosions of their geometric wave-pocket form &
(which is the zero-volume Dirac function id their stable states) caused by an
mstantaneous changing of the amplitudes B(k) of its wave-pocket harmonics
B(k)exp—ik (_> Vt) in the presence of a local sharply broken space sym-
metry. These ate typical cases for the particle’s ” explosions”, when we take in
consideration the general equations (e.1) and (e.2) for movements of particles
where the component ¢ D(?> t) is dominant caused by the fact that in such

the boundary conditions in the local space around this particle.

3 Stream of particles: statistical meaning of Schrodinger
equation

It is well known that the relativistic version of the Schrodinger equation for the
elementary particles is postulated by the following Klein-Gordon second-order
differential equation:

(e7) A — 2T = ()%,

whose solution can be given by ¢ = ¢(x,y, 2, t)e ™!,

The solution for a propagation of the elementary particles in the stationary
cases, when wy and w, are constant in time, presented previously, can be pos-
tulated in the similar way, by using the particle’s second-order D’ Alambert-like

differential equation:

(e.d)  ()°AW; — c%a;gl = _clﬁ%vqfl - %271 ot B,

where Uy = ™! (T, t),

with U; = e“»' ¥, where U(x,y, 2, 1) describes an elementary particle that prop-
agates with a velocity V and a momentum p , and, possibly, with an accelera-
tion a;) such that w, = E+g’ BV _ E ==, where I is the potential energy of this

particle (equal to mgc?) if mg > 0, and total energy otherwise.
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Then, the solution of (e.4) is Uy(T — Vi) = &(T — ?t)ei%?*m), where real
function CID(?> — ?t), at any fixed time instance ¢ is a geometric distribution
of this particle in that moment. It depends on the boundary conditions for
the differential equation (e.4) for this particle in this given time-instance ¢. If
this particle propagates in the vacuum, than ® is symmetric w.r.t the direction
of propagation, but if in a given moment ¢ this particle propagates nearly to
another massive particles, than the boundary conditions change and depend
on the spatial presence (their distributions) of these particles. Consequently,
the geometric distribution of a massive particle can change (see the equation
(e.3) for the general case) also when it propagates with constant velocity Vv, in
presence of another massive particles.

This fact is very important when a particle that propagates in the vacuum,
encounter some material obstacle, so that ®, in the momentum when is bro-
ken this space symmetry, can drastically change and increment its volume, in
a short interval of time. It is important to denote that such a changing of the
geometric distribution is instantaneous in all points of the space, and has no
any constraint as, for example, the maximal velocity of energy transportation,
that is equal to the velocity of light from relativistic theory of Einstein.

From the fact that U; = ¢™»' U, we obtain that any elementary particle has the
following wave-pocket geometric form (that was previously postulated in (1)):
U(z,y, 2, 1) = B(T — Vi)ell- T o)

In the case when the velocity of propagation is constant, equal to zero, then we
obtain the solution ¥ (z,y, 2,t) = ®(z,y, 2z)e”“! where wy = % and F is the
potential energy of this particle.

There is the following relationship between Klein-Gordon and our differential
equations:

Proposition 1 The Klein-Gordon equation corresponds to the differential
equation (e.4) of an elementary particle if its velocity of propagation is equal to
2€ero.

Proof: In the case when ¥ = 0 and %—f = 0, so that w, = wy is constant, then,

from (e.4), we obtain that:
0= P,
~oe

= (—wdV + 2 atg Y+ 2w ) ot —
= (—wdU + %3 + szO(VV\If iw W) )e ot =
= (W3 + L ¥)elo’,

Thus, we obtain the equation
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(e.8) %27\21' = —wiv,
that is equal to Klein-Gordon equation when A = 0, that is, when the mo-
mentum p = 0, and consequently, the velocity is equal to zero, and with the
solution W(z,y, z,t) = ®(x,y, z)e o,

Then we have that it holds the Schrodinger equation for the total energy,

EV = h%‘f, and the total energy formula (3) introduced in this paper,

—iwqt

E— ‘f h@@x Uty — ?ttz v,t)e” o dV‘/lq) _
— | [i ha@,y,—wodw /1g =

= | [ iA(—iw)®(x,y, z)e”“'dV|/1p =
= hwo( [ ®(z,y,2)dV)/1e = hwy,
from the fact that for the particles is satisfied the normalization principle (2),
1o = [ D(z,y, 2)dV.
O
But, if the velocity of a particle is equal to zero, then we can not have any
phenomena of the plain waves, and as we will see, in the interesting cases when
V is different from zero, the equation (e.4) of propagation of particles is com-
pletely different from the equation Klein-Gordon, and consequently, from the
Schrodinger equation.
The wave-particle-duality, the fundamental component of the new quantum for-

malism in Bohrs opinion, was reformulated by incorporating the results of some
experiments accomplished in the last decades of twentieth century.

The Bohrs complementarity principle stated the mutual exclusiveness and joint
full completeness of the two (classical) descriptions of quantum systems; af-
ter Einstein-Podolsky-Rosenpaper, the wave-particle duality, or wave-particle
complementarity, could be expressed by stating that it is impossible to build up
an experimental arrangement in which we observe at the same time both cor-
puscular and wave aspects. In a two-slit experiment, they would correspond,
respectively, to the which-way knowledge and the observation of interference
pattern. Bohr showed this mutual exclusivity in numerous examples [5], and
linked it to the unavoidable disturbance inherent in any measurement event.
Not everyone agreed with this interpretation, or with Born and Heisenberg’s
statement about wave-particle-duality. Einstein and Schrodinger were among
the most notable dissenters. Until the ends of their lives they never fully ac-
cepted the Copenhagen doctrine. Einstein was dissatisfied with the reliance
upon probabilities. But even more fundamentally, he believed that nature ex-
ists independently of the experimenter, and the motions of particles are precisely
determined. It is the job of the physicist to uncover the laws of nature that
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govern these motions, which, in the end, will not require statistical theories.
The fact that quantum mechanics did seem consistent only with statistical re-
sults and could not fully describe every motion was for Einstein an indication
that quantum mechanics was still incomplete.

Recently it was demonstrated that intermediate particle-wave behaviors exist
and, in addition to that, there are single experiments in which both classical
wave-like and particle-like behaviors are showed total and simultaneously on
an individual system [2]. For instance, in the Boses double-prism experiment ,
tunneling and perfect anticoincidence were observed in single photon states.
Consequently, the meaning of the wave-particle duality must incorporate the
simultaneous use of the two classical descriptions in the interpretation of ex-
periments, loosing their original mutual exclusivity , which is incorporated as
an extreme case in the new interferometric duality, a continuous quantum con-
cept.

In fact, our results demonstrate that ¥ of any elementary particle is always
a pocket-wave (with a ”corpuscular” space-geometric distribution ®(z,y, z,t))
delimited in the space at each time instance, but that has contemporarily an
oscillation in the complex space ('phase wave’), expressed by its complex com-
ponent i~ B —ot).

Now we will show that each relatively dense stream of particles of the same
type, velocity, energy and direction of propagation compose a complex plain
wave, as, for example, an electromagnetic plain wave when these particles are
photons.

Proposition 2 Any dense stream of elementary particles of the same type,
velocity, enerqy and direction of propagation compose a perfect plain wave.

Proof: Let us suppose a stream of particles that propagates along the x axis,
with the distance between two consecutive particles in this stream of particles
is Ax << A\, where \ = %ﬁ and p is the momentum of each particle.

Then we have that this stream of particles in the moment t = NAt, N >> 1
(where n = N is the last emitted particle in the source at x = 0, and n = 0 is
the first emitted particle from this source), is equal to:

Z \I/n(.%‘, Y, 2, t) - ano 1,..,N q)n($ o U(t - nAt)ei(QT”v(t—nAt)—wo(t—nAt)) -

= n01,.v Pz — (N_ ,”)UAt)ei(%vw_n)m_wow_n)m) =

= ijN:],V;l,..,O P, (z — jUAt)ei(QTﬂvjAt_wo(jAt)a

Thus in the limit case when At — 0, we obtain that:

limagsoRe(Y. U, (2, y, 2, 1)) = ARe(fO?NN e dat’) =
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(where o = Zv — wy, t' = jAL)
= AfO?NAt cos(at")dat’ =

= Asim(2 vt — wpt) = (from t = NAL)

= Asin(Fz — wot) = Asin(Ex — wot),

where A is a constant proportional to the density of this stream of particles.
Thus, this stream of particles is represented by the plain wave A sin(%" T — wot),
with wave-length A\ and angular frequency wy.

O

The non dense streams will compose a kind of amplitude-modulated complex
plain waves.

Consequently, it is valid the following lemma:

Lemma 1 The Schrodinger equation can be obtained by application of the en-
ergy conservation over a complex plain wave Ae'5*=) of o given stream of

particles.

Proof: Let us consider the stream 1) = Ae!(F¥=«0t) of the massive particles,
where wy = m‘)c . If we apply the relativistic energy equation for the elementary
particles (the stream is composed by a finite number of them) E? = (mgc?)? +
(cp)? to this plain wave, we obtain the Klein-Gordon equation:

(e7) &Y — 3w = (),

whose solution can be given by ¢ = ¢(z,y, 2, t)e ™! with Ay = e 7“0 A¢, so
that we obtain the first and second time derivation:

Za—;f = (—iwg@ + %)e_mt, |

a;f = (—wi¢p — i2w08 e~ Wt

by assuming that 2 at2 is infinitesimal. Then, if we substitute this last equation
into (e.7), we obtain the Schrédinger equation in the absence of potential [3]:
(€.9) A¢+iZrleo=0.

O

It is easy to see that the Klein-Gordon equation (e.7) is very different from the
equations (e.3) and (e.4) for a propagation of a single massive particle, if its
velocity v is different from zero.

In order to reduce the stationary case (e.4) to Klein-Gordon equation, and,
consequently, to Schrodinger equation, it would be necessary that this particle
satisfies the following conditions: to propagate with velocity of hght in the

vacuum v = ¢, to have w, = 0, that is wy = &, and with —zgag w2 (while
85.—? = 0 for the real component of the right part of equation (e.4)), that is
impossible.
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4 Conclusion

Thus, Schrodinger equation in any case can not represent the propagation of a
single particle. Thus, we have to deal with the reasonable doubts about some
of the previously obtained results for the single particles, that are based on the
deductions from the Schrodinger equation. Especially when they result with
fundamentally non classical characters of a quantum state of a particle( as for
example in the case of the Wigner function for a single photon with negative
probabilities).

Consequently, the Schrodinger equation obtained by application of the energy
conservation over a complex plain wave Aei® o’ corresponds to its application
not to a single particle but to the complete stream of particles.

Because of that it has only a statistical meaning that can be applied to the
stream of particles, and only its probabilistic interpretation to a single particle
is well founded. That is, it is not a wave description of a single particle, but
represents only its probabilistically determined position in a given space.
From this point of view, the current interpretation of Schrodinger equation is
confirmed, and explains its utility, but it has only a statistical meaning, and its
non-determinism is only the consequence of this statistical meaning applicable
to single particles.

The underlying particle’s theory, presented in this paper demonstrates that Ein-
stein’s idea was correct, and that the differential equations derived previously
in this paper demonstrate their deterministic and classical corpuscular nature.
Only the streams of these particles in the determined conditions (the equal en-
ergy, momentum and direction of propagation) result in the simple plain waves.
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