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Àííîòàöèÿ

Â ñòàòüå ïðåäñòàâëåíû òåîðåòè÷åñêèé àïïàðàò è ìåòîäèêà ñòîõàñòè÷åñêî-

ãî àíàëèçà ñèñòåì ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ äâóìÿ �îðìàìè

êîíå÷íûõ çàïàçäûâàíèé (ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè), âîçìóùà-

åìûõ àääèòèâíûìè è ìóëüòèïëèêàòèâíûìè áåëûìè øóìàìè. Çàäà÷à èññëå-

äîâàíèÿ ðåøàåòñÿ íà îñíîâå ïîñòðîåíèÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ

óðàâíåíèé äëÿ ïåðâûõ ìîìåíòíûõ �óíêöèé âåêòîðà ñîñòîÿíèÿ ñèñòåìû. Â

êà÷åñòâå èíñòðóìåíòà òàêîãî ïîñòðîåíèÿ ïðèìåíÿåìñÿ ñõåìà, êîòîðàÿ îáú-

åäèíÿåò êëàññè÷åñêèé ìåòîä øàãîâ è ðàñøèðåíèå ïðîñòðàíñòâà ñîñòîÿíèé è

èñïîëüçóåò àïïàðàò ìíîãîìåðíûõ ìàòðèö. Ñ ïîìîùüþ ýòîé ñõåìû ñòðîèòñÿ

öåïî÷êà ñèñòåì ñòîõàñòè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé áåç çàïàçäû-

âàíèÿ, à çàòåì è óðàâíåíèÿ äëÿ èñêîìûõ ìîìåíòîâ. Ïðîãðàììà, ðåàëèçóþ-

ùàÿ ïðåäëàãàåìóþ ñõåìó, èñïîëíÿëàñü â ñðåäå ïàêåòà êîìïüþòåðíîé àëãåáðû
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Mathematia è áûëà ïðèìåíåíà äëÿ àíàëèçà îäíîé ìîäåëüíîé ñèñòåìû. Â çà-

êëþ÷èòåëüíîé ÷àñòè ðàáîòû ïðåäñòàâëåíû ïîëó÷åííûå ðåçóëüòàòû ðàñ÷åòîâ,

à òàêæå íåêîòîðûå äåòàëè àëãîðèòìà ïðîãðàììû.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêèé àíàëèç, ëèíåéíàÿ äèíàìè÷åñêàÿ ñè-

ñòåìà, ñîñðåäîòî÷åííûå è ðàñïðåäåëåííûå çàïàçäûâàíèÿ, âåêòîð ñîñòîÿíèÿ,

àääèòèâíûå è ìóëüòèïëèêàòèâíûå øóìû, ìîìåíòíûå �óíêöèè.

Abstrat

We represent the theoretial method and tehnique for stohasti analysis

of systems of linear di�erential equations whih have two forms of �nite delays

(onentrated and distributed) and are perturbed by additive and multipliative

white noises. The researh problem is solved on the basis of onstruting ordinary

di�erential equations for the �rst moment funtions of the system state vetor. As

a tool for suh a onstrution, we onsider a sheme that integrates the lassial

method of steps and an expansion of the state spae, and uses the tehnique of

multidimensional matries. By using this sheme we onstrut a hain of systems

of stohasti di�erential equations without delays, and then the equations for

the moments required. The program implementing the proposed sheme was

performed in the environment of the omputer algebra pakage Mathematia and

was used to analyze a model system. The �nal part of the work presents both the

results of alulations and some details of the program algorithm.

Keywords: stohasti analysis, linear dynami system, lumped and distri-

buted delays, state vetor, additive and multipliative noises, moment funtions.

1 Ââåäåíèå

Äåòåðìèíèðîâàííûå è ñòîõàñòè÷åñêèå îáûêíîâåííûå èíòåãðî-äè��åðåíöè-

àëüíûå óðàâíåíèÿ (ÄÎÈÄÓ, ÑÎÈÄÓ), ÿâëÿþùèåñÿ ïîäêëàññàìè äåòåðìèíè-

ðîâàííûõ [1,3,17,27,29,35,55℄ è ñòîõàñòè÷åñêèõ �óíêöèîíàëüíî äè��åðåíöè-

àëüíûõ óðàâíåíèé (ÄÔÄÓ, ÑÔÄÓ) ðàçíûõ òèïîâ [13,15,21,41,43,45℄, âêëþ÷àÿ

îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì, äè��åðåíöè-

àëüíûå óðàâíåíèÿ íåéòðàëüíîãî òèïà, èíòåãðî-äè��åðåíöèàëüíûå óðàâíå-

íèÿ è èõ ðàçëè÷íûå ñî÷åòàíèÿ, èíòåðåñíû êàê ñ òåîðåòè÷åñêîé, òàê è ñ ïðè-

êëàäíîé òî÷åê çðåíèÿ, ïîñêîëüêó ýòè óðàâíåíèÿ ÿâëÿþòñÿ ìîäåëÿìè ÿâëåíèé

â çíà÷èòåëüíîì êîëè÷åñòâå ðàçëè÷íûõ îáëàñòåé íàóêè è òåõíèêè è ïðèçâàíû

ó÷åñòü âëèÿíèå ïîñëåäåéñòâèÿ íà äèíàìèêó ðàçëè÷íûõ ñèñòåì. Îòìåòèì, ÷òî
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âîïðîñû, ñâÿçàííûå ñî ñòðîãèì îïðåäåëåíèåì ïîíÿòèé è îáúåêòîâ äëÿ ñåìåé-

ñòâà ñòîõàñòè÷åñêèõ èíòåãðàëüíûõ äè��åðåíöèàëüíûõ óðàâíåíèé, ñóùåñòâî-

âàíèåì è åäèíñòâåííîñòüþ èõ ðåøåíèé, áûëè ïðåäñòàâëåíû â [41,43, 45℄.

Â íàñòîÿùåå âðåìÿ íå ñóùåñòâóåò �îðìàëèçìà äëÿ òî÷íîãî ðàñ÷åòà ý�-

�åêòîâ �ëóêòóàöèé â íåëèíåéíûõ ñèñòåìàõ ñ ðàçëè÷íûìè �îðìàìè çà-

ïàçäûâàíèÿ. Ñòàíäàðòíûé ïîäõîä íà îñíîâå óðàâíåíèÿ Ôîêêåðà�Ïëàíêà�

Êîëìîãîðîâà íå ïðèìåíèì âñëåäñòâèå òîãî, ÷òî îí ïðåäíàçíà÷åí äëÿ ìàð-

êîâñêèõ ñèñòåì. Äè��åðåíöèàëüíûå æå ñèñòåìû ñ ïîñëåäåéñòâèåì, âêëþ÷àÿ

èíòåãðî-äè��åðåíöèàëüíûå, ÿâëÿþòñÿ íåìàðêîâñêèìè, õîòÿ ðàçëè÷íûå ïðè-

áëèæåíèÿ ê íèì ìîãóò áûòü ìàðêîâñêèìè [39℄.

Àíàëèç ÑÔÄÓ âûçûâàåò çíà÷èòåëüíûå òðóäíîñòè, ïîñêîëüêó ýòè ÑÔÄÓ

íå ìîãóò áûòü ðåøåíû òî÷íî. Ïîýòîìó àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ ðàçðà-

áîòêà ý��åêòèâíûõ ïðÿìûõ (äëÿ ïîëó÷åíèÿ ðåàëèçàöèé ðåøåíèé) è êîñâåí-

íûõ (äëÿ âû÷èñëåíèÿ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê) ïðèáëèæåííûõ àíàëè-

òè÷åñêèõ è ÷èñëåííûõ àëãîðèòìîâ äëÿ àíàëèçà ñèñòåì ÑÔÄÓ.

Â äàííûé ìîìåíò ñóùåñòâóåò äîâîëüíî øèðîêèé êëàññ ìåòîäîâ ðåøåíèÿ

ÄÔÄÓ [16,20℄. Ïðèáëèæåííûå àëãîðèòìû ïðÿìîãî ÷èñëåííîãî èíòåãðèðîâà-

íèÿ ÑÔÄÓ ðàçíûõ òèïîâ (íàïðèìåð, [22, 37, 38℄) îñíîâàíû íà ýòèõ ñõåìàõ

è ñïåöèàëüíûõ êîìïëåêñíûõ ìåòîäàõ ÷èñëåííîãî ðåøåíèÿ ñòîõàñòè÷åñêèõ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ÑÎÄÓ) [5, 34, 42℄.

Ìåòîäû èññëåäîâàíèÿ ÑÎÈÄÓ îáùåãî òèïà, îáû÷íî èñïîëüçóåìûå äëÿ

ïðÿìîé ãåíåðàöèè âðåìåíí�ûõ òðàåêòîðèé âêëþ÷àþò: 1) ïîëíîñòüþ ÷èñëåí-

íûå è ïîëó÷èñëåííûå ìåòîäû (êëàññè÷åñêèå è ìîäè�èöèðîâàííûå ãèáðèä-

íûå), òàêèå êàê ÿâíûå è íåÿâíûå (bakward) ñõåìû Ýéëåðà, τ -ìåòîäû, îä-

íîøàãîâûå è ìíîãîøàãîâûå àëãîðèòìû �óíãå�Êóòòû, ìåòîäû ýêñòðàïîëÿ-

öèè è èòåðàöèé íà ïîñëåäíåì øàãå, ðàçëîæåíèÿ ïî âåéâëåòàì, ãëîáàëüíî

îïðåäåëåííûì áàçèñíûì Sin-�óíêöèÿì è îáîáùåíèÿì ãàììà-ðàñïðåäåëåíèÿ;

2) ïðèáëèæåííûå àíàëèòè÷åñêèå ìåòîäû, ê êîòîðûì îòíîñÿòñÿ àëãîðèòìû

ðàçëîæåíèÿ â ðÿäû Òåéëîðà (â ò.÷. ñ ðàçáèåíèåì ïðîìåæóòêà èíòåãðèðîâà-

íèÿ íà ÷àñòè÷íûå), àñèìïòîòè÷åñêèå ìåòîäû, ñõåìû ñòîõàñòè÷åñêîãî óñðåä-

íåíèÿ, ìåòîäû ìíîãèõ ìàñøòàáîâ, êîëëîêàöèé è òåîðèè âîçìóùåíèé, ìåòîäû

óïðîùåíèÿ èíòåãðàëüíûõ ÿäåð (èñïîëüçîâàíèå ðÿäîâ Ïðîíè, ìåòîä ïîëèíî-

ìèàëüíîé àïïðîêñèìàöèè Ëàãåððà äëÿ ïðåäñòàâëåíèÿ �óíêöèé ðåëàêñàöèè),

àïïðîêñèìàöèè ïåðåõîäíûõ �óíêöèé ýêñïîíåíòàìè è ò.ä. Îòìåòèì òàêæå

ñõåìó ïðèáëèæåííîãî ïðåîáðàçîâàíèå ÑÎÈÄÓ â ÑÎÄÓ íà îñíîâå óñðåäíå-

íèÿ ÿäðà [8, 10, 51℄ è ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ âû÷èñëåíèÿ

�óíêöèè �ðèíà [9, 48℄. Áîëåå ïîëíûé îáçîð òàêèõ àëãîðèòìîâ ìîæíî íàéòè
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â [48℄.

Åñëè îáðàòèòüñÿ ê óðàâíåíèÿì ðàññìàòðèâàåìîãî òèïà, òî ìîäåëè ñ èõ

èñïîëüçîâàíèåì ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ çàäà÷ óïðàâëåíèÿ [2℄, àâòîìà-

òè÷åñêîãî ðåãóëèðîâàíèÿ [4℄ (âêëþ÷àþò ïîäñòðóêòóðû, àíàëîãè÷íûå ÏÈÄ-

ðåãóëÿòîðàì äëÿ òåõíè÷åñêèõ óñòðîéñòâ), ìàòåìàòè÷åñêîé ýêîíîìèêè (ïðî-

áëåìû äîëãîñðî÷íîãî ïëàíèðîâàíèÿ) [4℄, íåëèíåéíîé �èëüòðàöèè ñ çàïàç-

äûâàíèåì â óðàâíåíèÿõ ñîñòîÿíèÿ è íàáëþäåíèé [53℄, èçó÷åíèÿ ìàòåðèàëîâ,

ýëåêòðîìàãíåòèçìà, ñåòåé ñâÿçè [50℄; èññëåäîâàíèÿ äèíàìè÷åñêèõ ðåêëàìíûõ

çàäà÷ â óñëîâèÿõ íåîïðåäåëåííîñòè ïðè íàëè÷èè ïåðåíîñà è ðàñïðåäåëåí-

íûõ ý��åêòîâ çàáûâàíèÿ [28℄, ïîâåäåíèÿ ïîïóëÿöèé [30℄, íåéðîííûõ ïîëåé è

ñåòåé [52, 54℄, ïëþðèïîòåíòíûõ ãåìîïîýòè÷åñêèõ ñòâîëîâûõ êëåòîê [18℄, äè-

íàìèêè óïðóãèõ äâèæåíèé àýðîäèíàìè÷åñêîãî ïðî�èëÿ â äâóìåðíîì íåñæè-

ìàåìîì ïîòîêå [24℄, ñèñòåìû ðåãóëèðîâàíèÿ ãëþêîçà�èíñóëèí [50℄, êëåòî÷íîé

íàñåëåííîñòè [19℄ è äð.

Êðîìå òîãî, ñèñòåìû ïîäîáíûõ óðàâíåíèé, ñàìè ïî ñåáå âàæíûå äëÿ ìî-

äåëèðîâàíèÿ ðàçëè÷íûõ îáúåêòîâ è ïðîöåññîâ, ìîãóò áûòü ðåçóëüòàòîì ëè-

íåàðèçàöèè íåëèíåéíûõ ñòîõàñòè÷åñêèõ ñèñòåì ñ ðàçëè÷íûìè �îðìàìè çà-

ïàçäûâàíèÿ è ìóëüòèïëèêàòèâíûìè �ëóêòóàöèÿìè.

Äëÿ äåòåðìèíèðîâàííûõ àíàëîãîâ àíàëèçèðóåìûõ â ñòàòüå ñèñòåì ïðèìå-

íÿþò ðàñ÷åòíûå ñõåìû íà îñíîâå àïïðîêñèìàöèé �óíêöèé �ðèíà [33℄, ñî÷åòà-

íèå ÿâíîãî ìåòîäà Ýéëåðà ñ �îðìóëîé òðàïåöèé [26℄, ìíîãîøàãîâûå ìåòîäû

�óíãå�Êóòòû äëÿ èíòåãðèðîâàíèÿ ÎÄÓ è ñîñòàâíûå êâàäðàòóðíûå �îðìó-

ëû [57℄, ìåòîäû �óíãå�Êóòòû ñîâìåñòíî ñ ëèíåéíûìè ìíîãîøàãîâûìè ìåòî-

äàìè òèïà Ïóçå [32℄, íåïðåðûâíûå ìåòîäû �óíãå�Êóòòû [50℄, θ-ìåòîäû [36℄,

ìåòîäû ïîëèíîìèàëüíîé ñïëàéí-êîëëîêàöèè [31℄, ïðèáëèæåíèÿ íà îñíîâå ìå-

òîäà �àëåðêèíà [25℄ è ò.ä.

Ñåìåéñòâî æå ñïåöèàëèçèðîâàííûõ ìåòîäîâ äëÿ èññëåäîâàíèÿ ñòîõàñòè-

÷åñêèõ ñèñòåì ñ êîíå÷íûìè ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè çàïàçäû-

âàíèÿìè ÿâëÿåòñÿ äîñòàòî÷íî îãðàíè÷åíûì. Òàê äëÿ ÷èñëåííîãî èíòåãðè-

ðîâàíèÿ ïðèìåíÿþòñÿ àíàëîãè ñõåìû Ýéëåðà, Ýéëåðà�Ìàðóÿìû è Ìèëüø-

òåéíà [23, 30, 44℄, êîìáèíàöèÿ ñõåìû Ýéëåðà�Ìàðóÿìû äëÿ ïåðâîé ñòîõàñòè-

÷åñêîé äè��åðåíöèàëüíîé ÷àñòè óðàâíåíèé è θ-ìåòîäà äëÿ àïïðîêñèìàöèè

èíòåãðàëà êâàäðàòóðàìè [49℄, ñèëüíûå è ñëàáûå ñáàëàíñèðîâàííûå íåÿâíûå

ìåòîäû [56℄.

Íèæå ïðåäñòàâëåíû òåîðåòè÷åñêèé àïïàðàò è ìåòîäèêà ñòîõàñòè÷åñêî-

ãî àíàëèçà ñèñòåì ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ äâóìÿ �îðìà-

ìè êîíå÷íûõ çàïàçäûâàíèé (ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè), âîçìó-
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ùàåìûõ àääèòèâíûìè è ìóëüòèïëèêàòèâíûìè áåëûìè øóìàìè, èëè, ÷òî òî

æå ñàìîå, ëèíåéíûõ ïàðàìåòðè÷åñêèõ ñòîõàñòè÷åñêèõ ñèñòåì ñ êîíå÷íûìè

(îãðàíè÷åííûìè) ñîñðåäîòî÷åííûìè (òî÷å÷íûìè) è ðàñïðåäåëåííûìè çàïàç-

äûâàíèÿìè. Çàäà÷à èññëåäîâàíèÿ ðåøàåòñÿ íà îñíîâå ïîñòðîåíèÿ ÎÄÓ äëÿ

ïåðâûõ ìîìåíòíûõ �óíêöèé âåêòîðà ñîñòîÿíèÿ ñèñòåìû. Â êà÷åñòâå èíñòðó-

ìåíòà òàêîãî ïîñòðîåíèÿ ïðèìåíÿåìñÿ ñõåìà, êîòîðàÿ ñî÷åòàåò êëàññè÷åñêèé

ìåòîä øàãîâ è ðàñøèðåíèå ïðîñòðàíñòâà ñîñòîÿíèé [7, 46, 47℄ â êîìáèíàöèè

ñ èñïîëüçîâàíèåì àïïàðàòà ìíîãîìåðíûõ ìàòðèö [14℄ è ïîñðåäñòâîì êîòî-

ðîé ñòðîèòñÿ öåïî÷êà ñèñòåì ÑÎÄÓ áåç çàïàçäûâàíèÿ, à çàòåì è óðàâíåíèÿ

äëÿ èñêîìûõ ìîìåíòîâ. Äàííàÿ ñõåìà ðåàëèçîâàíà â âèäå ïðîãðàììû â ñðåäå

ïàêåòà êîìïüþòåðíîé àëãåáðû Mathematia [40℄ è ïðèìåíåíà íà àíàëèçà îä-

íîé ìîäåëüíîé ñèñòåìû. Â êîíöå ñòàòüè ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ,

à òàêæå íåêîòîðûå äåòàëè àëãîðèòìà óêàçàííîé ïðîãðàììû.

2 Ïîñòàíîâêà çàäà÷è

�àññìîòðèì ñèñòåìó ëèíåéíûõ ïàðàìåòðè÷åñêèõ ñòîõàñòè÷åñêèõ îáûêíîâåí-

íûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ÑÎÄÓ) Ñòðàòîíîâè÷à ñ êîíå÷íûìè ñî-

ñðåäîòî÷åííûìè τ > 0 è ðàñïðåäåëåííûìè çàïàçäûâàíèÿìè ñëåäóþùåãî âè-

äà:

dX(t) =
[

A(t)X(t) +R(t)X(t− τ) +Q(t)

t
∫

t−τ

Φ(θ)X(θ) dθ + c(t)
]

dt+

+
[

[B(t)℄ ::X(t)+[H(t)℄ ::X(t−τ)+[J (t)℄ ::

t
∫

t−τ

Ψ (θ)X(θ) dθ+G(t)
]

◦ dW (t),

t1 = t0 + τ < t 6 T < +∞, (1)

ãäå t � âðåìÿ; :: ñèìâîë óìíîæåíèÿ òðåõìåðíîé ìàòðèöû íà âåêòîð:

[P(t)℄ ::Λ(t) =
{

r
∑

ℓ=1

pijℓ(t)Λℓ(t), i = 1, r, j = 1, q
}

,

[P(t)℄ = {pijℓ(t)} ∈ Mr×q×r, Λ(t) ∈ R
r;

Mℓ1×ℓ2 èMℓ1×ℓ2×ℓ3 � ëèíåéíûå ïðîñòðàíñòâà âñåõ (ℓ1×ℓ2) è (ℓ1×ℓ2×ℓ3) ìàòðèö
ñîîòâåòñòâåííî; X ∈ R

n
� âåêòîð ñîñòîÿíèÿ; W ∈ R

m
� âåêòîð íåçàâèñèìûõ
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ñëó÷àéíûõ âèíåðîâñêèõ ïðîöåññîâ, ïðè÷åì äëÿ îáîáùåííîé ïðîèçâîäíîé âåê-

òîðà W (t) � âåêòîðíîãî áåëîãî øóìà Ẇ (t) èìååì:

E

[

Ẇ (t)
]

= 0, E

[

Ẇ (t1) Ẇ
⊺
(t2)

]

= I δ(t2 − t1);

⊺ è E[·] � ñèìâîëû òðàíñïîíèðîâàíèÿ ìàòðèöû è ìàòåìàòè÷åñêîãî îæèäàíèÿ

ñîîòâåòñòâåííî; I � åäèíè÷íàÿ ìàòðèöà ñîîòâåòñòâóþùåãî ïîðÿäêà; δ(·) �

äåëüòà-�óíêöèÿ Äèðàêà.

Áóäåì ñ÷èòàòü, ÷òî íà èíòåðâàëå (t0, t1] âåêòîð ñîñòîÿíèÿ X(t) óäîâëå-
òâîðÿåò ñèñòåìå ÑÎÄÓ áåç çàïàçäûâàíèÿ

dX(t) =
[

A0(t)X(t) + c0(t)
]

dt+
[

[B0(t)℄ ::X(t) + G0(t)
]

◦ dW (t),

X(t0) = X0, (2)

ïðè÷åì â óðàâíåíèÿõ (1) è (2) A(t), R(t), Q(t), Φ(θ), [B(t)℄, [H(t)℄, [J (t)℄,
Ψ (θ), G(t), A0(t), [B0(t)℄, G0(t) è c(t), c0(t) � èçâåñòíûå íåïðåðûâíûå ìàò-
ðè÷íûå è âåêòîðíûå �óíêöèè. Êðîìå òîãî, ïðåäïîëîæèì, ÷òî èçâåñòíû âñå

íåîáõîäèìûå ÷èñëîâûå õàðàêòåðèñòèêè ñëó÷àéíîãî âåêòîðà X0
. Â ÷àñòíî-

ñòè, ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè t0 äëÿ âåêòîðà X(t0) çàäàíû âåê-

òîð ìàòåìàòè÷åñêèõ îæèäàíèé m0 = E

[

X0
]

è êîâàðèàöèîííàÿ ìàòðèöà

D0 = E
[

(X0 −m0)(X0 −m0)⊺
]

. Çàìåòèì, â ðàìêàõ íàñòîÿùåé ðàáîòû ïðåä-

ïîëàãàåòñÿ, ÷òî êîìïîíåíòû âñåõ âåêòîðíûõ ñëó÷àéíûõ ïðîöåññîâ (ñîñòîÿíèÿ

è øóìîâ) ÿâëÿþòñÿ ñòîõàñòè÷åñêè íåïðåðûâíûìè íà îòðåçêå [t0, T ].

Çàäà÷åé èññëåäîâàíèÿ ÿâëÿåòñÿ ïîëó÷åíèå ñèñòåì îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) áåç çàïàçäûâàíèÿ äëÿ êîìïîíåíòîâ âåêòîðíîé

�óíêöèè ìàòåìàòè÷åñêèõ îæèäàíèé m(t) = E[X(t)] è ìàòðè÷íîé �óíêöèè

êîâàðèàöèé D(t) = E

[{

X(t)−m(t)
}{

X(t)−m(t)
}⊺]

âåêòîðà ñîñòîÿíèé

X(t) ïðè ëþáîì t > t0.

3 Àíàëèòè÷åñêèé àïïàðàò èññëåäîâàíèÿ ëèíåéíûõ ïà-

ðàìåòðè÷åñêèõ ÑÎÄÓ áåç çàïàçäûâàíèÿ

Ïîñòðîèì îáùóþ ñèñòåìó ÎÄÓ, êîòîðàÿ îïèñûâàåò ïîâåäåíèå ïåðâûõ ìî-

ìåíòíûõ �óíêöèé, âêëþ÷àþùèõ êîìïîíåíòû âåêòîðà �óíêöèé ìàòåìàòè÷å-

ñêîãî îæèäàíèÿ mZ(s) = {m i(s)} = E[Z(s)] è ìàòðèöû êîâàðèàöèé

DZZ(s) = {Dij(s)} = E
[{

Z(s)−mZ(s)
}{

Z(s)−mZ(s)
}⊺]

,
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äëÿ âåêòîðà ñîñòîÿíèÿ âåêòîðíîãî ñëó÷àéíîãî ïðîöåññà Z(s) = {Z i(s)} ∈
R

r
ëèíåéíîé ñòîõàñòè÷åñêîé äè��åðåíöèàëüíîé ñèñòåìû ñ àääèòèâíûìè è

ìóëüòèïëèêàòèâíûìè øóìàìè â �îðìå Ñòðàòîíîâè÷à:

dZ(s) =
[

A(s)Z(s) + c(s)
]

ds+
[

[B(s)℄ ::Z(s) + G(s)
]

◦ dW (s),

s∗ < s 6 s∗, (3)

Z(s∗) = Z∗, (4)

ãäå îñíîâíàÿ ÷àñòü îáîçíà÷åíèé ñîîòâåòñòâóåò îáîçíà÷åíèÿì, ââåäåííûì â íà-

÷àëå ñòàòüè, à òî÷êà óêàçûâàåò íà ïðîèçâîäíóþ ïî s. Íà÷àëüíîå ïîëîæåíèå,

çàäàâàåìîå âåêòîðîì Z∗ =
(

Z∗1, Z∗2, ..., Z∗r

)

, ÿâëÿåòñÿ ñëó÷àéíûì è ðàñïðå-

äåëåíî ñ ïëîòíîñòüþ âåðîÿòíîñòè p̂∗(z), ãäå z = (z1, z2, ..., zr). Åãî ñðåäíåå

çíà÷åíèå ðàâíî m∗
Z = E[Z∗], à åãî ìàòðèöà êîâàðèàöèé �

D∗
ZZ = E[(Z∗ −m∗

Z)(Z∗ −m∗
Z)

⊺] .

Âîçìóùåíèå {W (s) = {W i(s)}, s∗ 6 s 6 s∗ ∈ R
q} � âèíåðîâñêèé ñòîõà-

ñòè÷åñêèé ïðîöåññ ñ íåçàâèñèìûìè êîìïîíåíòàìè. Â óðàâíåíèÿõ (3) A(s) =

{a ij(s)}, [B(s)℄ = {b ijk(s)} è G(s) = {g
ij
(s)} ÿâëÿþòñÿ äåòåðìèíèðîâàí-

íûìè âåùåñòâåííûìè ìàòðèöàìè â M r×r, M r×q×r è M r×q ñîîòâåòñòâåííî,

c(s) = {ci(s)} ∈ R
r
� äåòåðìèíèðîâàííûé âåùåñòâåííûé âåêòîð. Ïðåäïîëà-

ãàåòñÿ, ÷òî ýëåìåíòû âñåõ ýòèõ ìàòðèö è âåêòîðîâ ÿâëÿþòñÿ íåïðåðûâíûìè

�óíêöèÿìè îòíîñèòåëüíî àðãóìåíòà s.

Êîý��èöèåíòû ñíîñà âi è êîý��èöèåíòû äè��óçèè b̂ij óðàâíåíèÿ Ôîê-

êåðà�Ïëàíêà�Êîëìîãîðîâà (ÔÏÊ-óðàâíåíèÿ)

∂p̂

∂s
=

1

2

r
∑

i,j=1

∂2
(

b̂ij p̂
)

∂zi ∂zj
−

r
∑

i=1

∂
(

âi p̂
)

∂zi
, (5)

p̂ (z, s∗) = p̂∗(z), (6)

ãäå ïëîòíîñòü âåðîÿòíîñòè p̂ (z, s) âåêòîðà ñîñòîÿíèÿ Z(s) ìîæíî ðàññ÷èòàòü,
åñëè ó÷åñòü ñëåäóþùèå �îðìóëû:

âi =

r
∑

ℓ=1

aiℓ zℓ + ci +
1

2

r
∑

ν=1

q
∑

k=1

bikν

(

r
∑

ℓ=1

bνkℓ zℓ + g
νk

)

, (7)

b̂ij =

q
∑

k=1

(

r
∑

ℓ=1

bikℓ zℓ + g
ik

)(

r
∑

ℓ=1

bjkℓ zℓ + g
jk

)

. (8)
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Èñïîëüçóÿ óðàâíåíèå (5) è ñîîòíîøåíèÿ (7), (8), ìû ìîæåì ïîëó÷èòü ÎÄÓ

äëÿ ìàòåìàòè÷åñêèõ îæèäàíèé è êîâàðèàöèé, êîòîðûå ïðèíèìàþò ñëåäóþ-

ùèé âèä:

ṁZ(s) = f
(

mZ(s), s
)

, mZ(s∗) = m∗
Z , (9)

ḊZZ(s) = F
(

DZZ(s),mZ(s), s
)

, DZZ(s∗) = D∗
ZZ , (10)

ãäå f = {f
i
} ∈ R

r
è F = {F ij} ∈ Mr×r � äåòåðìèíèðîâàííûå âåêòîðíàÿ è

ìàòðè÷íàÿ �óíêöèè, êîìïîíåíòû êîòîðûõ ìîæíî âû÷èñëèòü, åñëè âîñïîëü-

çîâàòüñÿ ñîîòíîøåíèÿìè âèäà:

f
i
=

r
∑

ℓ=1

aiℓmℓ + ci +
1

2

r
∑

ν=1

q
∑

k=1

bikν

(

r
∑

ℓ=1

bνkℓmℓ + g
νk

)

, i = 1, 2, ..., r; (11)

F ij =

r
∑

ℓ=1

[

Diℓ

(

ajℓ +
1

2

r
∑

ν=1

q
∑

k=1

bjkν bνkℓ

)

+Djℓ

(

aiℓ +
1

2

r
∑

ν=1

q
∑

k=1

bikν bνkℓ

)]

+

+

q
∑

k=1

[

r
∑

ℓ1,ℓ2=1

bikℓ1 bjkℓ2
(

Dℓ1ℓ2
+mℓ1

mℓ2

)

+

+

r
∑

ℓ=1

(

g
ik
bjkℓ + g

jk
bikℓ

)

mℓ + g
ik
g
jk

]

, i, j = 1, 2, ..., r. (12)

4 Ìåòîäèêà ðåøåíèÿ çàäà÷è (1), (2)

Îñíîâíàÿ èäåÿ äîñòèæåíèÿ òðåáóåìîãî ðåçóëüòàòà � ïîëó÷åíèå ÑÎÄÓ áåç

çàïàçäûâàíèÿ � ýòî ïðèìåíåíèå êîìáèíàöèè êëàññè÷åñêîãî ìåòîäà øàãîâ è

ìåòîäà ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿíèé.

Äëÿ ðåàëèçàöèè èäåè ðàññìîòðèì ðàâíîìåðíóþ âðåìåííóþ ñåòêó tq = t0+
q ·τ , q = 0, 1, 2, ..., N

(

τ (N+1) > T
)

è ââåäåì íîâóþ âðåìåíí�óþ ïåðåìåííóþ

s, èçìåíÿþùóþñÿ íà ïðîìåæóòêå [0, τ ], à òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:

sq = s+ tq, ∆q = (tq, tq+1], Xq(s) = X(sq), Xq(0) = Xq−1(τ),

W q(s) = W (sq), W q(0) = W q−1(τ), Y (s) ≡ Y = X0,

U q(s) =

s
∫

0

Φ(tq + θ)Xq(θ) dθ, V q(s) =

s
∫

0

Ψ (tq + θ)Xq(θ) dθ,

U ⋆
q(s) ≡ U ⋆

q = U q−1(τ), V ⋆
q(s) ≡ V ⋆

q = V q−1(τ), q > 1,

col
(

d1,d2, ...,dL−1,dL) =

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 108



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

= {d11, d12, ..., d1n, ..., dL−1,1, dL−1,2, ..., dL−1,n, dL1, dL2, ..., dLn}
⊺,

n2 = 2n, n3 = 3n, n4 = 4n, n5 = 5n.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü ïîëóèíòåðâàëîâ (ñåãìåíòîâ) ∆q.

0°. Íà ñåãìåíòå ∆0 ñèñòåìó ÑÎÄÓ áåç çàïàçäûâàíèÿ äëÿ âåêòîðà Z0(s) =

col
(

Y (s),X0(s),U0(s),V 0(s)
)

ïðåäñòàâèì â âèäå:

dY (s) = On ds, Y (0) = X0,

dX0(s) =
[

A0(s0)X0(s) + c0(s0)
]

ds+

+
[

[B0(s0)℄ ::X0(s) + G0(s0)
]

◦ dW 0(s), X0(0) = X0, (13)

dU 0(s) = Φ(s0)X0(s) ds, U 0(0) = On,

dV 0(s) = Ψ (s0)X0(s) ds, V 0(0) = On.

Åñëè âîñïîëüçîâàòüñÿ îáúåäèíåííîé �îðìîé óðàâíåíèé (13):

dZ0(s) =
[

A+
0 (s)Z0(s) + c+

0 (s)
]

ds+

+
[

[B+
0 (s)℄ ::Z0(s) + G+

0 (s)
]

◦ dW+
0 (s), (14)

Z0(0) = col
(

X0,X0,On,On2

)

, (15)

ãäå

A+
0 (s) =









On×n On×n On×n2

On×n A0(s0) On×n2

On×n Φ(s0) On×n2

On×n Ψ (s0) On×n2









, c+
0 (s) =





On

c0(s0)

On2



,

[B+
0 (s)℄ =





[O℄n×m×n

[O℄n×m×n

[O℄n2×m×n



 ‡





[O℄n×m×n

[B0(s0)℄

[O℄n2×m×n



 ‡





[O℄n×m×n2

[O℄n×m×n2

[O℄n2×m×n2



,

G+
0 (s)=





On×m

G0(s0)

On2×m



, W+
0 (s) = W 0(s), r0 = n4,

Oℓ ∈ R
ℓ
,Oℓ1×ℓ2 ∈ Mℓ1×ℓ2 è [O℄ℓ1×ℓ2×ℓ3

∈ Mℓ1×ℓ2×ℓ3 � íóëåâîé âåêòîð, îáû÷íàÿ è

òðåõìåðíàÿ íóëåâûå ìàòðèöû ñîîòâåòñòâåííî, è ñðàâíèòü ñèñòåìû óðàâíåíèé

(14), (15) è (3), (4), òî ìîæíî çàêëþ÷èòü, ÷òî ýòè ñèñòåìû áóäóò îäèíàêîâû,

åñëè

r = r0, q = m, s∗ = 0, s∗ = τ, A(s) = A+
0 (s),
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c(s) = c+
0 (s), [B(s)℄ = [B+

0 (s)℄, G(s) = G+
0 (s).

Ïîýòîìó ìû ìîæåì çàïèñàòü óðàâíåíèå è íà÷àëüíîå óñëîâèå äëÿ ïëîòíîñòè

âåðîÿòíîñòè pZ0
(z0, s) ðàñøèðåííîãî âåêòîðíîãî ïðîöåññà ñîñòîÿíèÿ Z0(s):

∂pZ0

∂s
=

1

2

r
∑

i,j=1

∂2
(

b̃0ij pZ0

)

∂z0i ∂z0j
−

r
∑

i=1

∂
(

ã0i pZ0

)

∂z0i
, (16)

pZ0
(z0, 0) ≡ pZ0

(y,x0,u0, v0, 0) = p 0(x0) δ(y − x0) δ(u0) δ(v0),

ãäå êîý��èöèåíòû ã0i è b̃0ij ìîãóò áûòü âû÷èñëåíû ïî �îðìóëàì (7), (8) êàê

âi and b̂ij ñîîòâåòñòâåííî, δ(d) = δ(d1) δ(d2) ... δ(dν), åñëè d ∈ R
ν
.

Áîëåå òîãî, ýòîò �àêò äàåò íàì âîçìîæíîñòü ïîñòðîèòü ÿâíûé âèä óðàâíå-

íèé (9) è (10). Êîíå÷íîé òî÷êîé ýòîãî ýòàïà ÿâëÿåòñÿ îïðåäåëåíèå íà÷àëüíûõ

óñëîâèé äëÿ mZ0
(s) è DZ0Z0

(s). Ïåðâûå äâå ãðóïïû òàêèõ óñëîâèé òàêîâû:

mZ0
(0) =







m0
X

m0
X

On2






, DZ0Z0

(0) =







D0
XX D0

XX On×n2

D0
XX D0

XX On×n2

On2×n On2×n On2×n2






. (17)

Äàëåå íàäî âû÷èñëèòü mZ0
(s) êàê mZ(s) è DZ0Z0

(s) êàê DZZ(s).

1°. Îïðåäåëåííûé íà ïîëóèíòåðâàëàõ ∆0 è ∆1 âåêòîð Z1(s) = col
(

Z0(s),
X1(s),U1(s),V 1(s),U

⋆
1(s),V

⋆
1(s)

)

≡ col
(

Y (s),X0(s),U0(s),V 0(s),X1(s),

U 1(s),V 1(s),U
⋆
1(s),V

⋆
1(s)

)

áóäåò óäîâëåòâîðÿòü ñèñòåìå ÑÎÄÓ (13), ê êî-

òîðîé äîáàâëåíû óðàâíåíèÿ ñëåäóþùåãî âèäà:

dX1(s) =
[

A(s1)X1(s) +R(s1)X0(s) +

+ Q(s1)
{

U ⋆
1(s)−U 0(s) +U 1(s)

}

+ c(s1)
]

ds+

+
[

[B(s1)℄ ::X1(s) + [H(s1)℄ ::X0(s) +

+ [J (s1)℄ ::
{

V ⋆
1(s)− V 0(s) + V 1(s)

}

+ G(s1)
]

◦ dW 1(s),

X1(0) = X0(τ), (18)

dU 1(s) = Φ(s1)X1(s) ds, U 1(0) = On,

dV 1(s) = Ψ (s1)X1(s) ds, V 1(0) = On,

dU ⋆
1(s) = On ds, U ⋆

1(0) = U 0(τ),

dV ⋆
1(s) = On ds, V ⋆

1(0) = V 0(τ).
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Çäåñü ó÷òåíî, ÷òî äëÿ t ∈ (t1, t2] ïðè Υ = Φ, Ψ

t
∫

t−τ

Υ (θ)X(θ) dθ =

t1
∫

t−τ

Υ (θ)X(θ) dθ +

t
∫

t1

Υ (θ)X(θ) dθ =

=

t1
∫

t0

Υ (θ)X(θ) dθ −

t−τ
∫

t0

Υ (θ)X(θ) dθ +

t
∫

t1

Υ (θ)X(θ) dθ =

=

τ
∫

0

Υ (t0 + θ)X0(θ) dθ −

s
∫

0

Υ (t0 + θ)X0(θ) dθ +

s
∫

0

Υ (t1 + θ)X1(θ) dθ =

=

{

U 0(τ)−U 0(s) +U 1(s), Υ = Φ,

V 0(τ)− V 0(s) + V 1(s), Υ = Ψ .

Äåéñòâóÿ òàê æå, êàê íà øàãå 0
0
, ìû ìîæåì çàïèñàòü êîìïàêòíóþ �îðìó

óðàâíåíèé (18):

dZ1(s) =
[

A+
1 (s)Z1(s) + c+

1 (s)
]

ds+

+
[

[B+
1 (s)℄ ::Z1(s) + G+

1 (s)
]

◦ dW+
1 (s), (19)

Z1(0) = col
(

Z0(0),X0(τ),O2n,U 0(τ)
)

,V 0(τ)
)

, (20)

ãäå

A+
1 (s) =

[

A+
0 (s) On4×n5

A+
121 A+

122

]

,

A+
121 =

[

On×n R(s1) −Q(s1) On×n

On4×n On4×n On4×n On4×n

]

,

A+
122 =









A(s1) Q(s1) On×n Q(s1) On×n

Φ(s1) On×n On×n On×n On×n

Ψ (s1) On×n On×n On×n On×n

On2×n On2×n On2×n On2×n On2×n









,

[B+
1 (s)℄ =

[

[B+
111℄ [O℄n4×m×r1

[O℄n5×m×r1
[B+

122℄

]

,

[B+
111℄ = [B+

0 (s)℄ ‡ [O℄n4×m×n5
,

[B+
122℄ =

[

[O℄n×m×n

[O℄n4×m×n

]

‡

[

[H(s1)℄
[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡
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‡

[

−[J (s1)℄

[O℄n4×m×n

]

‡

[

[B(s1)℄

[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

‡

[

[J (s1)℄

[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

[

[J (s1)℄

[O℄n4×m×n

]

,

c+
1 (s) =





c+
0 (s)
c(s1)

On4



, G+
1 (s) =





G+
0 (s) On4×m

On×m G(s1)

On4×m On4×m



, W+
1 (s) =

[

W+
0 (s)

W 1(s)

]

,

r1 = n4 + n5 = 9, q1 = 2m.

Êàê è âûøå, ñðàâíèâàåì ñòðóêòóðû óðàâíåíèé (19), (20) è (3), (4) è çà-

êëþ÷àåì, ÷òî ýòè ñèñòåìû èäåíòè÷íû, åñëè

r = r1, q = q1, s∗ = 0, s∗ = τ, A(s) = A+
1 (s),

c(s) = c+
1 (s), [B(s)℄ = [B+

1 (s)℄, G(s) = G+
1 (s).

Ýòî ïîçâîëÿåò ïîñòðîèòü ÔÏÊ-óðàâíåíèå è íà÷àëüíîå óñëîâèå äëÿ ïëîòíîñòè

âåðîÿòíîñòè pZ1
(z1, s) ðàñøèðåííîãî âåêòîðà ñîñòîÿíèÿ Z1(s) â ñëåäóþùåì

âèäå:

∂pZ1

∂s
=

1

2

r
∑

i,j=1

∂2
(

b̃1ij pZ1

)

∂z1i ∂z1j
−

r
∑

i=1

∂
(

ã1i pZ1

)

∂z1i
, (21)

pZ1
(z1, 0) ≡ pZ1

(y,x0,u0, v0,x1,u1, v1,u
⋆
1, v

⋆
1, 0) =

= pZ0
(x0,x1,u

⋆
1, v

⋆
1, τ) δ(y − x0) δ(u0) δ(v0) δ(u1) δ(v1).

Î÷åâèäíî, ÷òî êîý��èöèåíòû ã1i è b̃1ij ìîæíî íàéòè ïî �îðìóëàì (7), (8)

êàê âi è b̂ij ñîîòâåòñòâåííî.

Òåïåðü ìû ìîæåì ïîñòðîèòü ÿâíûé âèä óðàâíåíèé (9) è (10). À çàêàí÷è-

âàåòñÿ ýòîò øàã �èêñàöèåé íà÷àëüíûõ óñëîâèé äëÿ mZ1
(s) è DZ1Z1

(s) äëÿ

Z1(s) ñëåäóþùèì îáðàçîì:

mZ1
(0) = col

(

mZ0
(0),mX0

(τ),On2
,mU0

(τ),mV0
(τ)

)

,

DZ1Z1
(0) =

[

DZ0Z0
(0) D112

D121 D122

]

, (22)

D112 =
(

D121

)⊺
=







DY X0
(τ) On×n2

DY U0
(τ) DY V0

(τ)

DY X0
(τ) On×n2

DY U0
(τ) DY V0

(τ)

On2×n On2×n2
On2×n On2×n






, (23)
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D122 =











DX0X0
(τ) On×n2

DX0U0
(τ) DX0V0

(τ)

On2×n On2×n2
On2×n On2×n

DU0X0
(τ) On×n2

DU0U0
(τ) DU0V0

(τ)

DV0X0
(τ) On×n2

DV0U0
(τ) DV0V0

(τ)











,

� è îöåíêîé mZ1
(s) êàê mZ(s) è DZ1Z1

(s) êàê DZZ(s).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

N°. Îáîçíà÷àÿ ÷åðåç ZN(s) âåêòîð col
(

ZN−1(s),XN(s),UN(s),V N(s),

U ⋆
N(s),V

⋆
N(s)

)

, íàõîäèì, ÷òî âåêòîð ZN(s), çàìåùàþùèé âåêòîðíûé ñëó÷àé-
íûé ïðîöåññ X(t) è ïðåäñòàâëÿþùèé ñîñòîÿíèå èññëåäóåìîé ñòîõàñòè÷åñêîé

ñèñòåìû íà ïîëóèíòåðâàëàõ ∆0, ∆0, ..., ∆N , áóäåò ðåøåíèåì ñèñòåìû ÑÎ-

ÄÓ, ïîëó÷åííîé äîáàâëåíèåì ê óðàâíåíèÿì äëÿ âåêòîðà ZN−1(s) óðàâíåíèé

ñëåäóþùåãî âèäà:

dXN(s) =
[

A(sN)XN(s) +R(sN)XN−1(s) +

+ Q(sN)
{

U ⋆
N(s)−UN−1(s) +UN(s)

}

+ c(sN)
]

ds+

+
[

[B(sN)℄ ::XN(s) + [H(sN)℄ ::XN−1(s) +

+ [J (sN)℄ ::
{

V ⋆
N(s)− V N−1(s) + V N(s)

}

+ G(sN)
]

◦ dWN(s),

XN(0) = XN−1(τ), (24)

dUN(s) = Φ(sN)XN(s) ds, UN(0) = On,

dV N(s) = Ψ (sN)XN(s) ds, V N(0) = On,

dU ⋆
N(s) = On ds, U ⋆

N(0) = UN−1(τ),

dV ⋆
N(s) = On ds, V ⋆

N(0) = V N−1(τ)

ñ ó÷åòîì òîãî, ÷òî äëÿ t ∈ (tN , tN+1] ïðè Υ = Φ, Ψ

t
∫

t−τ

Υ (θ)X(θ) dθ =

tN
∫

t−τ

Υ (θ)X(θ) dθ +

t
∫

tN

Υ (θ)X(θ) dθ =

=

tN
∫

tN−1

Υ (θ)X(θ) dθ −

t−τ
∫

tN−1

Υ (θ)X(θ) dθ +

t
∫

tN

Υ (θ)X(θ) dθ =

=

τ
∫

0

Υ (tN−1 + θ)XN−1(θ) dθ −

s
∫

0

Υ (tN−1 + θ)XN−1(θ) dθ+
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+

s
∫

0

Υ (tN + θ)XN(θ) dθ =

{

U ⋆
N−1(τ)−UN−1(s) +UN(s), Υ = Φ,

V ⋆
N−1(τ)− V N−1(s) + V N(s), Υ = Ψ .

Äåéñòâóÿ òàê æå, êàê è âûøå, ìû ìîæåì çàïèñàòü êîìïàêòíóþ �îðìó

óðàâíåíèé (24):

dZN(s) =
[

A+
N(s)ZN(s) + c+

N (s)
]

ds+

+
[

[B+
N(s)℄ ::ZN(s) + G+

N(s)
]

◦ dW+
N(s), (25)

ZN(0) = col
(

ZN−1(0),XN−1(τ),O2n,UN−1(τ)
)

,V N−1(τ)
)

, (26)

ãäå

A+
N(s) =

[

A+
N−1(s) O(rN−n5)×n5

A+
N21 A+

N22

]

,

A+
N21 =

[

On×rN−2
R(sN) −Q(sN) On×n3

On4×rN−2
On4×n On4×n On4×n3

]

,

A+
N22 =









A(sN) Q(sN) On×n Q(sN) On×n

Φ(sN) On×n On×n On×n On×n

Ψ (sN) On×n On×n On×n On×n

On2×n On2×n On2×n On2×n On2×n









,

[B+
N(s)℄ =

[

[B+
N11℄ [O℄rN−1×m×rN

[O℄n×qN−1×rN
[B+

N22℄

]

,

[B+
N11℄ = [B+

N−1(s)℄ ‡ [O℄rN−1×rN−1×n5
,

[B+
N22℄ =

[

[O℄n×m×rN−2

[O℄n4×m×rN−2

]

‡

[

[H(sN)℄

[O℄n4×m×n

]

‡

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

[

−[J (sN)℄
[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

[

[B(sN)℄
[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

‡

[

[J (sN)℄

[O℄n4×m×n

]

‡

[

[O℄n×m×n

[O℄n4×m×n

]

‡

[

[J (sN)℄

[O℄n4×m×n

]

,

c+
N (s) =





c+
N−1(s)

c(sN)
On4



, G+
N(s) =





G+
N−1(s) OrN−1×m

On×qN−1
G(sN)

On4×qN−1
On4×m



,

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 114



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

W+
N(s) =

[

W+
N−1(s)

WN(s)

]

, rN = n4 + 5N n, qN = m (N + 1).

Ñðàâíèâàÿ ñòðóêòóðû óðàâíåíèé (25), (26) è (3), (4), ìîæíî çàêëþ÷èòü,

÷òî ýòè ñèñòåìû èäåíòè÷íû, åñëè

r = rN , q = qN , s∗ = 0, s∗ = τ, A(s) = A+
N(s),

c(s) = c+
N (s), [B(s)℄ = [B+

N(s)℄, G(s) = G+
N(s).

Îòñþäà ÔÏÊ-óðàâíåíèå è íà÷àëüíîå óñëîâèå äëÿ ïëîòíîñòè âåðîÿòíîñòè

pZN
(zN , s) ðàñøèðåííîãî âåêòîðà ñîñòîÿíèÿ ZN(s) ïðèìóò ñëåäóþùóþ �îð-

ìó:

∂pZN

∂s
=

1

2

r
∑

i,j=1

∂2
(

b̃Nij pZN

)

∂zNi ∂zNj

−
r

∑

i=1

∂
(

ãNi pZN

)

∂zNi

, (27)

pZN
(zN , 0) ≡ pZN

(y,x0,u0, v0,x1,u1, v1,u
⋆
1, v

⋆
1, ...,xN−1,uN−1, vN−1,

u⋆
N−1, v

⋆
N−1,xN ,uN , vN ,u

⋆
N , v

⋆
N , 0) =

= pZN−1
(x0,x1,u

⋆
1, v

⋆
1,x2,u

⋆
2, v

⋆
2,u

⋆
1, v

⋆
1, ...,xN ,u

⋆
N , v

⋆
N ,u

⋆
N−1, v

⋆
N−1, τ)×

×δ(y − x0)

N
∏

ℓ=0

[

δ(uℓ) δ(vℓ)
]

.

Î÷åâèäíî, ÷òî êîý��èöèåíòû ãNi è b̃Nij ìîæíî íàéòè ïî �îðìóëàì (7), (8)

êàê âi è b̂ij ñîîòâåòñòâåííî.

Òåïåðü óæå âñå åñòü äëÿ òîãî, ÷òîáû ïîñòðîèòü ÿâíûé âèä óðàâíåíèé (9)

è (10). À çàêîí÷èì ýòîò øàã äîîïðåäåëåíèåì íà÷àëüíûõ óñëîâèé äëÿ mZN
(s)

è DZNZN
(s) äëÿ ZN(s) ñëåäóþùèì îáðàçîì:

mZN
(0) = col

(

mZN−1
(0),mXN−1

(τ),On2
,mUN−1

(τ),mVN−1
(τ)

)

,

DZNZN
(0) =

[

DZN−1ZN−1
(0) DN12

DN21 DN22

]

, DN12 =
(

DN21

)⊺
=









DN120

DN121

...

DN12,N−1









,

DN120 =







DY XN−1
(τ) On×n2

DY UN−1
(τ) DY VN−1

(τ)

DY XN−1
(τ) On×n2

DY UN−1
(τ) DY VN−1

(τ)

On2×n On2×n2
On2×n On2×n






,
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DN121 =











DX0XN−1
(τ) On×n2

DX0UN−1
(τ) DX0VN−1

(τ)

On2×n On2×n2
On2×n On2×n

DU0XN−1
(τ) On×n2

DU0UN−1
(τ) DU0VN−1

(τ)

DV0XN−1
(τ) On×n2

DV0UN−1
(τ) DV0VN−1

(τ)











, (28)

... ... ... ... ...

DN12,N−1 =











DXN−2XN−1
(τ) On×n2

DXN−2UN−1
(τ) DXN−2VN−1

(τ)

On2×n On2×n2
On2×n On2×n

DUN−2XN−1
(τ) On×n2

DUN−2UN−1
(τ) DUN−2VN−1

(τ)

DVN−2XN−1
(τ) On×n2

DVN−2UN−1
(τ) DVN−2VN−1

(τ)











,

DN22 =











DXN−1XN−1
(τ) On×n2

DXN−1UN−1
(τ) DXN−1VN−1

(τ)

On2×n On2×n2
On2×n On2×n

DUN−1XN−1
(τ) On×n2

DUN−1UN−1
(τ) DUN−1VN−1

(τ)

DVN−1XN−1
(τ) On×n2

DVN−1UN−1
(τ) DVN−1VN−1

(τ)











,

� è âû÷èñëåíèåì mZN
(s), DZNZN

(s) â �îðìå mZ(s), DZZ(s) ñîîòâåòñòâåííî.

5 Ïðèìåð

�àññìîòðèì ñëåäóþùóþ ìîäåëüíóþ êîëåáàòåëüíóþ ñòîõàñòè÷åñêóþ ñèñòåìó,

çàïèñàííóþ â íåñòðîãîé �îðìå:

Ẍ(t) = 0, −τ < t 6 0, (29)

Ẍ(t) + 2
[

α1 Ẋ(t) + α2 Ẋ(t− τ) + α3

t
∫

t−τ

φ1(θ) Ẋ(θ) dθ
]

+

+ ω2
0

[

β1X(t) + β2X(t− τ) + β3

t
∫

t−τ

φ2(θ)X(θ) dθ
]

=

=
[

γ0 + γ1X(t) + γ2X(t− τ) + γ3

t
∫

t−τ

ψ(θ)X(θ) dθ
]

Ẇ (t),

0 < t 6 T, (30)

ãäå ω0 > 0, αi, βi, γi (i = 1, 2, 3), γ0 � ïîñòîÿííûå, N ∈ N, N < +∞,

T = (N+1)τ . Îáîçíà÷àÿX(t) ÷åðåçX1(t) è Ẋ(t) ÷åðåçX2(t), ìîæíî çàïèñàòü
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óðàâíåíèÿ (29), (30) â âèäå (1), (2). Â ýòîì ñëó÷àå

n = 2, m = 1, t0 = −τ, X(t) =

[

X1(t)

X2(t)

]

,

A0 =

[

0 1

0 0

]

, c0 = O2, [B0℄ = [O℄2×1×2, G0 = O2×1,

A =

[

0 1

−β1 ω
2
0 −2α1

]

, R =

[

0 1

−β2 ω
2
0 −2α2

]

, Q =

[

0 0

−β3 ω
2
0 −2α3

]

,

Φ =

[

φ2(θ) 0

0 φ1(θ)

]

, c = O2, [B℄ =

[

0

γ1

]

‡

[

0

0

]

, [H℄ =

[

0

γ2

]

‡

[

0

0

]

,

[J (t)℄ =

[

0

γ3

]

‡

[

0

0

]

, Ψ (θ) =

[

ψ(θ) 0

0 0

]

, G =

[

0

γ0

]

.

0 1 2 3 4 5 6 7 8 9 10

-3

-2

-1

0

1

2

3

m1(t)

t

�èñ. 1

Â ïðåäïîëîæåíèè, ÷òî p 0(x) = N
(

x;m0
X ,D

0
XX

)

, ðàñ÷åòû ñòàòèñòè÷åñêèõ

õàðàêòåðèñòèê âåêòîðà X(t) ïðîâîäèëèñü äëÿ ðàçëè÷íûõ çíà÷åíèé êîíñòàíò

è íà÷àëüíûõ óñëîâèé, âêëþ÷àÿ ñëåäóþùèå:

α1 = 0,15; β1 = 1,00; γ1 = 0,10;

α2 = −0,05; β2 = 0,10; γ2 = 0,15;

α3 = 0,05; β3 = 0,05; γ3 = −0,15;
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0 1 2 3 4 5 6 7 8 9 10

-6

-4

-2

0

2

4

6

m2(t)

t

�èñ. 2

0 1 2 3 4 5 6 7 8 9 10

0.

0.05

0.1

0.15

0.2

0.25
D11(t)

t

�èñ. 3

γ0 = 0,1; ω0 = 2,0; τ ∈ {1,0; 1,5; 2,0}; T = 10,0;

φ1(θ) =
2 θ

τ 2
, φ2(θ) =

2 (τ − θ)

τ 2
, ψ(θ) =

2 (τ − |2 θ − τ |)

τ 2
, θ ∈ [0, τ ];

m0
X =

[

3,0

0,0

]

; D0
XX =

[

0,25 0,10

0,10 0,16

]

.

�åçóëüòàòû ýòèõ ðàñ÷åòîâ äëÿ ïðèâåäåííûõ âûøå çíà÷åíèé äàííûõ ïðåä-

ñòàâëåíû íà ðèñ. 1�5. Òèïû ëèíèé (íåïðåðûâíàÿ, øòðèõîâàÿ, ïóíêòèðíàÿ) ñî-

îòâåòñòâóþò äëèíàì çàïàçäûâàíèé â óêàçàííîì â ïåðå÷íå äàííûõ ïîðÿäêå.
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0 1 2 3 4 5 6 7 8 9 10

-0.2

-0.15

-0.1

-0.05

0.

0.05

0.1

0.15

0.2

D12(t)

t

�èñ. 4

0 1 2 3 4 5 6 7 8 9 10

0.

0.2

0.4

0.6

0.8

1.

D22(t)

t

�èñ. 5

�èñ. 1 è 2 ïîêàçûâàþò äèíàìèêó èçìåíåíèÿ �óíêöèé ìàòåìàòè÷åñêîãî îæè-

äàíèÿ mX1
(t) è mX2

(t), ðèñ. 3�5 äåìîíñòðèðóþò ïîâåäåíèå öåíòðàëüíûõ ìî-

ìåíòîâ âòîðîãî ïîðÿäêà, à èìåííî,DX1X1
(t),DX1X2

(t) è DX2X2
(t). Ñèìâîëüíàÿ

ãåíåðèðîâàíèå ÎÄÓ äëÿ ìîìåíòíûõ �óíêöèé è èõ ÷èñëåííîå èíòåãðèðîâàíèå

áûëè âûïîëíåíû â ñðåäå ïàêåòà êîìïüþòåðíîé àëãåáðû Mathematia [40℄.
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6 Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíà íîâàÿ ñõåìà, óïðîùàþùàÿ èññëåäîâàíèå ëèíåéíûõ ïà-

ðàìåòðè÷åñêèõ ñòîõàñòè÷åñêèõ ñèñòåì ñ êîíå÷íûìè ñîñðåäîòî÷åííûìè è ðàñ-

ïðåäåëåííûìè çàïàçäûâàíèÿìè. Íà îñíîâå ñî÷åòàíèÿ êëàññè÷åñêîãî ìåòîäà

øàãîâ è ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿíèé ïîñòðîåíà öåïî÷êà ñèñòåì ëè-

íåéíûõ ïàðàìåòðè÷åñêèõ ÑÎÄÓ (13), (18) è (24) äëÿ ðàñøèðåííûõ âåêòîðîâ

ñîñòîÿíèÿ óâåëè÷èâàþùåéñÿ ðàçìåðíîñòè è ñõîäíîé ñòðóêòóðû áåç çàïàçäû-

âàíèÿ. Äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ïîâåäåíèÿ ýòèõ âåêòîðîâ ïðèìåíèìû

êàê ñòàíäàðòíûå äëÿ ðàçëè÷íûõ êëàññîâ ÑÎÄÓ ìåòîäû [6,11℄, âêëþ÷àþùèå

êàê ïðÿìûå ìåòîäû ÷èñëåííîãî èíòåãðèðîâàíèÿ ÑÎÄÓ, òàê è êîñâåííûå � äëÿ

âû÷èñëåíèÿ ìîìåíòíûõ õàðàêòåðèñòèê ñëó÷àéíîãî ïðîöåññàX(t). Â ðàññìîò-

ðåííîé ñõåìå ýòî ìîæåò áûòü âûïîëíåíî íà îñíîâå êîíêðåòèçàöèè ïîëó÷åí-

íûõ ÎÄÓ (9), (10), (11) è (12) ñ íà÷àëüíûìè óñëîâèÿìè (17), (23) è (28).

Ïðè íåîáõîäèìîñòè ïîëó÷åíèÿ ìîìåíòíûõ �óíêöèé áîëåå âûñîêîãî ïî-

ðÿäêà, ÷åì âòîðîé, ìîæíî èñïîëüçîâàòü êîìáèíàöèþ èçëîæåííîé âûøå ñõåìû

è àëãîðèòìà èç ðàáîòû [12℄.

Îïèñàííàÿ ñõåìà ìîæåò êîíêóðèðîâàòü ñ ìåòîäîì ñòàòèñòè÷åñêîãî ìî-

äåëèðîâàíèÿ â îáëàñòè ðàñ÷åòà �óíêöèé ïåðâîãî è ñòàðøèõ ìîìåíòîâ äëÿ

óêàçàííîãî âûøå êëàññà ñèñòåì. Êðîìå òîãî, ðåçóëüòàòû ïðèìåíåíèÿ ñõåìû

ìîæíî èñïîëüçîâàòü äëÿ ïðîâåðêè êà÷åñòâà íîâûõ àëãîðèòìîâ ÷èñëåííîãî

èíòåãðèðîâàíèÿ ÑÎÄÓ ñ çàïàçäûâàíèåì, ïîñêîëüêó â íàøåé ñõåìå íåò îøèá-

êè ìåòîäà, à ïîãðåøíîñòü â âû÷èñëåíèÿõ ìîæåò áûòü óìåíüøåíà ïóòåì âûáî-

ðà íàèáîëåå ý��åêòèâíîãî èíòåãðàòîðà äëÿ ñèñòåì ÎÄÓ áåç çàïàçäûâàíèÿ.

Ñïèñîê ëèòåðàòóðû

[1℄ Àçáåëåâ Í.Â., Ìàêñèìîâ Â.Ï., �àõìàòóëëèíà Ë.Ô. Ýëåìåíòû ñîâðå-

ìåííîé òåîðèè �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé. Ìåòîäû

è ïðèëîæåíèÿ. Ì.: Èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2002. 384 ñ.

[2℄ Àíäðååâà Å.À., Êîëìàíîâñêèé Â.Á., Øàéõåò Ë.Å. Óïðàâëåíèå ñèñòåìà-

ìè ñ ïîñëåäåéñòâèåì. Ì.: Íàóêà, 1992. 336 ñ.

[3℄ Áåëëìàí �., Êóê Ê. Äè��åðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ. Ì.: Ìèð,

1967. 548 ñ.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 120



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

[4℄ Êîëìàíîâñêèé Â.Á., Ìàéçåíáåðã Ò.Ë. Îïòèìàëüíîå óïðàâëåíèå ñòîõà-

ñòè÷åñêèìè ñèñòåìàìè ñ ïîñëåäåéñòâèåì // Àâòîìàòèêà è òåëåìåõàíèêà.

1973. � 1. Ñ. 47�61.

[5℄ Êóçíåöîâ Ä.Ô. Ñòîõàñòè÷åñêèå äè��åðåíöèàëüíûå óðàâíåíèÿ: òåîðèÿ è

ïðàêòèêà ÷èñëåííîãî ðåøåíèÿ. 4-å èçä. ÑÏá.: Èçä-âî Ïîëèòåõí. óí-òà,

2010. XXX+786 ñ.

[6℄ Ìàëàíèí Â.Â., Ïîëîñêîâ È.Å. Ìåòîäû è ïðàêòèêà àíàëèçà ñëó÷àéíûõ

ïðîöåññîâ â äèíàìè÷åñêèõ ñèñòåìàõ: ó÷åá. ïîñîáèå. Èæåâñê: �ÕÄ, 2005.

296 ñ.

[7℄ Ïîëîñêîâ È.Å. �àñøèðåíèå �àçîâîãî ïðîñòðàíñòâà â çàäà÷àõ àíàëèçà

äè��åðåíöèàëüíî-ðàçíîñòíûõ ñèñòåì ñî ñëó÷àéíûì âõîäîì // Àâòîìà-

òèêà è òåëåìåõàíèêà. 2002. � 9. Ñ. 58�73.

[8℄ Ïîëîñêîâ È.Å. Îá àíàëèçå íåêîòîðûõ êëàññîâ ñòîõàñòè÷åñêèõ èíòåãðî-

äè��åðåíöèàëüíûõ óðàâíåíèé // Ïðîáëåìû ìåõàíèêè è óïðàâëåíèÿ.

Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû: ìåæâóç. ñá. íàó÷. òð. / Ïåðì. óí-

ò. Ïåðìü, 2003. Ñ. 99�106.

[9℄ Ïîëîñêîâ È.Å. Îá îäíîì ìåòîäå ïðèáëèæåííîãî àíàëèçà ëèíåéíûõ ñòî-

õàñòè÷åñêèõ èíòåãðî-äè��åðåíöèàëüíûõ ñèñòåì // Äè��åðåíöèàëüíûå

óðàâíåíèÿ. 2005. Ò. 41, � 9. Ñ. 1276�1279.

[10℄ Ïîëîñêîâ È.Å. Î ðàñ÷åòå ïåðâûõ ìîìåíòîâ ëèíåéíûõ èíòåãðî-äè��å-

ðåíöèàëüíûõ ñèñòåì ñ ïàðàìåòðè÷åñêèìè âîçìóùåíèÿìè // Ïðîáëåìû

ìåõàíèêè è óïðàâëåíèÿ. Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû: ìåæâóç. ñá.

íàó÷. òð. / Ïåðì. óí-ò. Ïåðìü, 2006. Âûï. 38. Ñ. 133�142.

[11℄ Ïîëîñêîâ È.Å. Ñòîõàñòè÷åñêèé àíàëèç äèíàìè÷åñêèõ ñèñòåì [Ýëåêòðîí-

íûé ðåñóðñ℄: ìîíîãðà�èÿ. Ïåðìü: Èçä-âî Ïåðì. óí-òà, 2016. 772 ñ.

[12℄ Ïîëîñêîâ È.Å. �àñ÷åò ñòàðøèõ ìîìåíòîâ âåêòîðà ñîñòîÿíèé ëèíåéíîé

ñòîõàñòè÷åñêîé äè��åðåíöèàëüíîé ñèñòåìû ñ çàïàçäûâàíèåì, âîçáóæäà-

åìîé àääèòèâíûìè è ìóëüòèïëèêàòèâíûìè áåëûìè øóìàìè // Ïðîáëåìû

ìåõàíèêè è óïðàâëåíèÿ. Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû: ìåæâóç. ñá.

íàó÷. òð. / Ïåðì. óí-ò. Ïåðìü, 2018. Âûï. 50. Ñ. 73�94.

[13℄ �óáàíèê Â.Ï. Êîëåáàíèÿ ñëîæíûõ êâàçèëèíåéíûõ ñèñòåì ñ çàïàçäûâà-

íèåì. Ìí.: Èçä-âî "Óíèâåðñèòåòñêîå", 1985. 143 ñ.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 121



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

[14℄ Ñîêîëîâ Í.Ï. Ââåäåíèå â òåîðèþ ìíîãîìåðíûõ ìàòðèö. Êèåâ: Íàóêîâà

äóìêà, 1972. 176 ñ.

[15℄ Öàðüêîâ Å.Ô. Ñëó÷àéíûå âîçìóùåíèÿ äè��åðåíöèàëüíî-�óíêöèîíà-

ëüíûõ óðàâíåíèé. �èãà: Çèíàòíå, 1989. 421 ñ.

[16℄ Øàìïàéí Ë.Ô., �ëàäâåë È., Òîìïñîí Ñ. �åøåíèå îáûêíîâåííûõ äè�-

�åðåíöèàëüíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì MATLAB: ó÷åá. ïîñîáèå.

ÑÏá.: Èçä-âî "Ëàíü", 2009. 304 ñ.

[17℄ Ýëüñãîëüö Ë.Ý., Íîðêèí Ñ.Á. Ââåäåíèå â òåîðèþ äè��åðåíöèàëüíûõ

óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Ì.: Íàóêà, 1971. 296 ñ.

[18℄ Adimy M., Crauste F., Halanay A. et al. Stability of limit yles in a pluripo-

tent stem ell dynamis model // Chaos, Solitons and Fratals. 2006. Vol. 27,

� 4. P. 1091�1107.

[19℄ Banks H.T., Dediu S., Nguyen H.K. Time delay systems with distribution

dependent dynamis // Annual Reviews in Control. 2007. Vol. 31, � 1. P. 17�

26.

[20℄ Bellen A., Zennaro M. Numerial methods for delay di�erential equations.

Oxford: Oxford University Press, 2003. XIV+395 p.

[21℄ Boukas El-K., Liu Zi-K. Deterministi and stohasti time delay systems.

Boston: Birkh�auser, 2002. XVI+423 p.

[22℄ Bukwar E. Introdution to the numerial analysis of stohasti delay dif-

ferential equations // Journal of Computational and Applied Mathematis.

2000. Vol. 125, � 1�2. P. 297�307.

[23℄ Bukwar E. Euler�Maruyama and Milstein approximations for stohasti

funtional di�erential equations with distributed memory term // SFB 373

Disussion Papers: Humboldt University of Berlin, Interdisiplinary Researh

Projet 373. 2003. � 16. 24 p.

[24℄ Cao Y., Cerezo G., Herdman T.L., Turi J. Singularity expansion for a lass

of neutral equations // Journal of Integral Equations and Appliations. 2007.

Vol. 19, � 1. P. 13�32.

[25℄ Chekroun M.D., Kr�oner A., Liu H. Galerkin approximations of nonlinear op-

timal ontrol problems in Hilbert spaes // Eletroni Journal of Differential

Equations (Texas State University). 2017. Vol. 2017 (189). P. 1-40.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 122



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

[26℄ Choholat�y P. Integro-di�erential equations with time-varying delay // Pro-

grams and Algorithms of Numerial Mathematis: Pro. of Seminar / J. Chle-

boun, K. Segeth, J.

�

S

�

istek, and T.Vejhodsk�y (eds.). Prague: Institute of Ma-

thematis AS CR, 2013. P. 51�56.

[27℄ Cushing J.M. Integrodi�erential equations and delay models in population

dynamis. Berlin, Heidelberg: Springer, 1977. VI+198 p.

[28℄ Gozzi F., Marinelli C., Savin S. On ontrolled linear di�usions with delay

in a model of optimal advertising under unertainty with memory e�ets //

arXiv:math/0701580. 2008. 27 p.

[29℄ Hale J.K., Lunel S.M.V. Introdution to funtional di�erential equations.

New York: Springer, 1993. X+450 p.

[30℄ Hopkins T. Numerial solution of stohasti delay integrodi�erential equati-

ons in population dynamis. Masters Thesis. Texas Teh University, 2004.

[31℄ Horvat V. On polynomial spline olloation methods for neutral Volterra

integro�di�erential equations with delay arguments // Pro. of the 1th Conf.

on Applied Mathematis and Computation. Dubrovnik, 1999. P. 113�128.

[32℄ Huang C., Vandewalle S. Stability of Runge�Kutta�Pouzet methods for Vol-

terra integro-di�erential equations with delays // Frontiers of Mathematis

in China. 2009. Vol. 4, � 1. P. 63�87.

[33℄ Kim B.M., Tsuruta K. Retarded resolvent operators for linear retarded

funtional di�erential equations in a Banah spae // Japanese Journal of

Mathematis. 1994. Vol. 20, � 2. P. 319�363.

[34℄ Kloeden P.E., Platen E., Shurz H. Numerial solution of SDE through om-

puter experiments. Berlin: Springer, 2003. XIV+294 p.

[35℄ Kolmanovskii V., Myshkis A. Applied theory of funtional di�erential

equations: Mathematis and its appliations. Dordreht: Springer, 1992.

XVI+234 p.

[36℄ Koto T. Stability of θ-methods for delay integro-di�erential equations //

Journal of Computational and Applied Mathematis. 2003. Vol. 161, � 2.

P. 393�404.

[37℄ K�uhler U., Platen E. Strong disrete time approximation of stohasti

differential equations with time delay // Mathematis and Computers in

Simulation. 2000. Vol. 54, � 1�3. P. 189�205.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 123



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

[38℄ Kushner H.J. Numerial methods for ontrolled stohasti delay systems.

Boston: Birkhauser, 2008. XIX+281 p.

[39℄ Longtin A., Milton J.G., Bos J.E., Makey M.C. Noise and ritial behavior

of the pupil light re�ex at osillation onset // Physial Review A. 1990. Vol. 41,

� 12. P. 6992�7005.

[40℄ Mangano S. Mathematia ookbook. Cambridge: O'Reilly, 2010. XXIV+

800 p.

[41℄ Mao X. Stohasti di�erential equations and appliations. 2nd ed. Cam-

bridge, UK: Woodhead Publishing, 2011. XVIII+422 p.

[42℄ Milstein G.N., Tretyakov M.V. Stohasti numeris for mathematial physis.

Berlin: Springer, 2004. XIX+594 p.

[43℄ Mohammed S.E.A. Stohasti funtional di�erential equations. Boston, Lon-

don: Pitman Publishing, 1984. IX+245 p.

[44℄ Niu Yu., Zhang Ch., Duan J. A delay-dependent stability riterion for

nonlinear stohasti delay-integro-di�erential equations // Ata Mathematia

Sientia. 2011. Vol. 31, � 5. P. 1813�1822.

[45℄ Padgett W.J., Tsokos C.P. Stohasti integro-di�erential equations of Vol-

terra type // SIAM Journal on Applied Mathematis. 1972. Vol. 23, � 4.

P. 499�512.

[46℄ Poloskov I.E. Symboli-numeri algorithms for analysis of stohasti systems

with di�erent forms of aftere�et // Proeedings in Applied Mathematis and

Mehanis (PAMM). 2007. Vol. 7, � 1. P. 2080011�2080012.

[47℄ Poloskov I.E. Numerial and analytial methods of study of stohasti

systems with delay // Journal of Mathematial Sienes. 2018. Vol. 230, � 5.

P. 746�750.

[48℄ Poloskov I.E, Soize C. Symboli and numeri sheme for solution of linear

integro-di�erential equations with random parameter unertainties and Ga-

ussian stohasti proess input // Applied Mathematial Modelling. 2018.

Vol. 56, April. P. 15�31.

[49℄ Shaikhet L.E., Roberts J. Reliability of di�erene analogues to preserve sta-

bility properties of stohasti Volterra integro-di�erential equations // Ad-

vanes in Di�erene Equations. 2006. Vol. 2006. Artile ID 73897. P. 1�22.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 124



Äè��åðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2019

[50℄ Shakourifar M., Enright W.H. Reliable approximate solution of systems of

Volterra integro-di�erential equations with time-dependent delays // SIAM

Journal on Sienti� Computing. 2011. Vol. 33, � 3. P. 1134�1158.

[51℄ Soize C., Poloskov I. Time-domain formulation in omputational dynamis

for linear visoelasti media with model unertainties and stohasti exita-

tion // Computers & Mathematis with Appliations. 2012. Vol. 64, � 11.

P. 3594�3612.

[52℄ Touboul J. Propagation of haos in neural �elds // Annals of Applied Proba-

bility. 2014. Vol. 24, �3. P. 1298�1328.

[53℄ Twardowska K., Marnik T., Pas lawska-Po ludniak M. Approximation of the

Zakai equation in a nonlinear �ltering problem with delay // International

Journal of Applied Mathematis and Computer Siene. 2003. Vol. 13, � 2.

P. 151�160.

[54℄ Wang Z., Liu Y., Fraser K., Liu X. Stohasti stability of unertain Hop�eld

neural networks with disrete and distributed delays // Physis Letters A.

2006. Vol. 354, � 4. P. 288�297.

[55℄ Wu J. Theory and appliations of partial funtional di�erential equations.

New York: Springer, 1996. X+432 p.

[56℄ Wu Q., Hu L., Zhang Z. Convergene and stability of balaned methods for

stohasti delay integro-di�erential equations // Applied Mathematis and

Computation. 2014. Vol. 237. P. 446�460.

[57℄ Zhang Ch., Vandewalle S. General linear methods for Volterra integro-dif-

ferential equations with memory // SIAM Journal on Sienti� Computing.

2006. Vol. 27, � 6. P. 2010�2031.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 125


