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Abstract

In this paper, we employ a complete Lyapunov function, Demidovic theorem
and the generalized theorems of Ezeilo to establish sufficient conditions for the
existence of a limiting regime in the sense of Demidovic for certain second
order nonlinear vector differential equation. We equally prove that the limiting
regime is periodic or almost periodic with respect to variable ¢, uniformly in
X, Y whenever the forcing term is periodic or almost periodic. The results of
this paper are quiet new with respect to second order differential equations.
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1. Introduction

We shall consider the following second order nonlinear vector differential equa-

tion: . ) )
X+AX+H(X)=P(t, X, X), (1.1)

wheret e RT, X : Rt - R", H:R" - R" P:R"xR"xR*" = R", A
is an n X n symmetric, positive definite matrix and the dots as usual indicate
differentiation with respect to t. It is also assumed that the functions H and P
are continuous in their respective arguments displayed explicitly.

On the qualitative properties of second order differential equations, many in-
teresting results have been obtained. For results on stability [see: 1,2,3,10,11,

18,21,23,30,31], boundedness [see, 3,10,18,19,20,25,26,27,29] and convergence|
17,22,28]. But on the subject of a limiting regime in the sense of Demidovic,
as far as we know, nothing seems to have been done regarding second order
differential equations. The followings are some of the results on existence of a
limiting regime for third, fourth and fifth order differential equations.

In [15], Ezeilo used the ideas of Demidovic[12] and Ezeilo[16] to establish suffi-
cient conditions on the existence of a limiting regime to the third order nonlinear
differential equation of the form

2" +ax” + b’ + h(x) = p(t,z,2', 2")

where a, b are constants and h, p are continuous functions of their arguments.
Later, Afuwape and Omeike [8] considered a more general form of the equation
above which is of the form

"

2" +azx" + g(2') + h(x) = p(t,x, o', ")

the authors improved on the earlier results on the subject of discussion. Fur-
thermore, Olutimo|24] extended the results of Afuwape and Omeike [8] to the
corresponding vector version by considering a differential equation of the form

X+AX +G(X)+ H(X)=Pt, X, X,X)

Afuwape[9] also extended the results of Ezeilo[15] to the fourth order nonlinear
differential equation

xi“ + CL:L‘/// + bx” + C:L'/ + h(az) :p(t,x,x’,x”,xm)

where a,b, ¢ are constants. Much later, Adesina[5] went further to consider a
more general fourth order nonlinear differential equation of the form

B G+ F(@) + g() + (@) = it o).

Adeina and Ukperal4] on their part dealt with fifth order differential equation
of the form

"

2’ + ax’ 4+ bx" + cx” + da’ + h(x) = p(t, @, 2’ 2" 2" 2
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where a, b, c,d are constants.

Our goal in this paper is to establish sufficient conditions for the existence
of a limiting regime in the sense of Demidovic and also prove that the limit-
ing regime is periodic or almost periodic for a second order non-linear vector

differential equations defined in (1.1) whenever the forcing function P(t, X, X)

is periodic or almost periodic in ¢ uniformly with respect to X and X. In es-
tablishing our results, we shall employ the direct method of Lyapunov coupled
with the approach of Demidovic[12] and theorems of Ezeilo[16].

2. Preliminary results and definition
Demidovic[12] in 1961 considered a nonlinear system given by
X =F(X)+G() (2.1)

where F'(X) and G(t) are continuous functions of their respective arguments
displayed explicitly. He gave sufficient conditions which ensure the convergence
of all solutions of equation (2.1) to a periodic solution ( i.e limiting regime)
for t — +00. About four years later, Ezeilo[16] considered a more generalized
differential system of the form

X = f(t, X) 4 g(t, X) (2.2)
and came up with the following results.
Let f(t,X) in the equation (2.2) above satisfies either
1f(t,0)]] <m < oo forallteR

or

| Ireopd <o 1<p<2

while g(t, X) satisfies Lipschitz condition, with g(¢,0) = 0. Then, Ezeilo in [16]
stated and proved the following theorems for equation (2.2) above.

Theorem 2.1 [16]
Suppose that:

(i) there exists a positive definite n X n matriz A such that the eigenvalues of
{D + DT}, where D = AZL " are all negative for all values of t and X.

2X
(i1) f(t,0) satisfies either
If(t,0)|| <m< oo forallteR

or
/ | £(t,0)|[Pdt < o0, 1 <p< 2.

o0
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(1i) g(t,0) =0 and
lg(t, X) —g(t, V)| < ()] X =Y
for all X, Y, t, with ~(t) satisfying

/ YI(t)dt < 0o, 1 < g <2.

0]

Then, there exists a unique solution X*(t) of equation (2.2) such that
| X*(8)]]| <m, forteR, (2.3)

and every solution X (t) of equation (2.2) converges to X*(t) as t — +oo.

Theorem 2.2 [16]
Suppose conditions (i) and (ii) of Theorem 2.1 hold, and if in addition the
following conditions hold

(i) if f(t,X) and g(t, X) are uniformly almost periodic in t for || X|| < m, then
the unique solution X*(t) of equation (2.2) is uniformly almost periodic
(u.a.p) in t;

(i1) if f(t,X) and g(t, X) are both periodic functions of t, for || X| < m and
have the same period w, then X*(t) is periodic in t, with a least period w.

Definition 2.3 [8,12,15]
We say that a solution X*(t) of equation (2.1) is a limiting regime in the sense
of Demidovic, if there exists a constant m, 0 < m < oo such that || X*(t)| <

m, —oo < t < oo and if every other solution of equation(2.1)converges to X*(t)
as t — o0.

Definition 2.4 [24]
A continuous function f : R — x s called almost periodic if for each ¢ > 0
there exists o(€) > 0 such that every interval of length o(€) contains a number
T with property that

|[f(t+7)— f(t)| <€ for each t € R.

Lemma 2.5 Let A be an n X n real symmetric positive definite matriz. Then,
for X € R"

0|l X" < {AX, X) < Al X% (2.4)

where d, and A, are, respectively, the least and greatest eigenvalues of the ma-

triz A.
Proof. See [6,7,13, 14] .

Lemma 2.6 [6,7,13,14)]
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Following the conditions earlier defined on H(X) with H(0) = 0 and let Jy(X)
denotes the Jacobian matrix % of H(X), then,

1
Sl < / (H(sX), X)ds < Ap| X |

where 0, and Ay, are the least and greatest eigenvalues of matriz Jy(X) respec-
tively.

Lemma 2.7 Let Q and D be any two real n xn commuting symmetric matrices.
Then,

(1) the eigenvalues N\;(QD), (i = 1,2,...,n) of the product matriz QD are
real and satisfy:

max A (Q)A\x(D) > N(QD) > max A;(Q)A\x(D) (2.5)

1<5, k<n 1<j, k<n
(ii) the eigenvalues \i(Q+D), (i =1,2,...,n) of the sum of matrices Q and D
are real and satisfy:

{max X;j(Q)+ max \;(D)} > \(Q+ D) > { min \(Q) + minnkk(D)}

1<j<n 1<k<n 1>j<n 1<k<
(2.6)

where \;(Q) and \i(D) are, respectively, the eigenvalues of matrices QQ and D.

Proof. See [6,7,13, 14].

Hence forth, it shall be assumed that vector function P(t, X, X) is separable in

the form _ ,
P(t, X, X) = r(t) + Q(t. X. X)

with 7(t) = r(t) + Q(t,0,0) so that Q(¢,0,0) = 0. We shall write (1.1) in the
equivalent form as

X=Y+R(@{), Y=—AY —HX)+Q(t,X,Y + R(t)) — AR (2.7)

with ||[R(t)| = || [Ir(r)|ldr <D, D > 0.

3. Main result

The followings are the main theorems of this paper.

Theorem 3.1
Suppose that H(0) = 0 such that:
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(1) the Jacobian matriz Jy(X) of H(X) and matrix A are symmetric and
commute with each other and their eigenvalues \;(Jg (X)) and A;(A),
(1=1,2,3,...,n) respectively satisfy:

and

0 < b, < M(A) < A,

where 0, and Ay are the least and greatest eigenvalues of matriz Jg(X)
and 6, and A, are the least and greatest eigenvalues of matrix A, such that

On, Ap, 0, and A, are all finites.
(i)
1Q(, X2, Yo+ R) = Q(t, X1, Y1 + R)|| < yo{[| X2 = Xaf| + [[Ya = W[[} (3.1)
forallt and X;,Y; e R", (i =1,2) and vy <€, € > 0.
Then, there exists a unique solution X*(t) of (1.1) or (2.7) satisfying
IX* @)1 + 1 X (@) < Do,

for t € RY, where Dy is a positive constant. Moreover, every other solution
X(t) of equation (1.1) converges to X*(t) as t — oo.

Theorem 3.2
Suppose that H(0) = 0 and conditions (i) and (ii) of Theorem 3.1 hold. Further,

suppose that there exists a solution X (t) of equation (1.1) such that
X+ [IX(@®)]1* < Do

Then,
(1) if Q(t, X,Y) and R(t) are almost periodic in t, for

IX @I + X @) < D,

then X*(t) is almost periodic in t.
(ii) if Q(t, X,Y) and R(t) are periodic in t, with period n for

IX @O+ X (®)]* < Do,
then X*(t) is periodic in t, with period 7.
Note, X*(¢) is a limiting regime.

The main tool in proving the two theorems stated above is the scalar func-
tion known as Lyapunov functional defined by:

2V(X(1),Y (1)) =2 /01<{A+B2}H(5X), X)ds+(B*Y,Y)+(A*X, X)+(AY,Y)
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+2(AX, AY) (3.2)

where both A and B are n X n constant symmetric matrices which commute
with each other. It is obvious that V(0,0) = 0.

Lemma 3.3 -
Assuming that all the conditions of Theorem 1 hold. Then we can find some
positive constants 01 and Ay such that

S{IXIP+ VI < VX Y) < A{[IX]1° + (Y]} (3-3)
for any X,Y belonging to R".

Proof of Lemma 3.3
On rearranging the function V' defined above in equation (3.2), we obtain:

QW(X(1),Y(t) = 2/01({A+ B2} H(sX), X)ds + (BY, BY)
+ || A2X + Ary |
> 2/01 /01<{A+ B*Y Jy (5150 X)X, X)dsdsy + (BY, BY').
By applying the hypothesis (i) of the Theorem 3.1, Lemma 2.5 - 2.7, we have:
V> {0, + 30X+ AV
If we let §; = 1 min{26,,(6,+ 67), 02}, then we obtain the lower bound for V' as:
V(X Y) = adlI X+ Y7} (3-4)

The upper bound of V' can also be obtained as follows.

2V(X(1),Y (1) = 2/1({A+BQ}H(5X),X>ds+(BY,BY)
0
+ || A2X + Ay |
_ /0 /0 A+ By (s15X)X, X)dsidsy + (BY, BY)

+ (A3X, X)) + (AY,Y) 4+ 2(AX, AY).
Using Lemmas 2.5 - 2.7 and the fact that 2|(AY, AX)| < (AX, AX)+(AY, AY),

we obtain
2V(X(1),Y(t) < 2{An(As+ ADMIXIP+{A7 + As + AFHY|)?
+ {A) + AZMIXP

{2A4(A + AF) + AL+ AZMX )P+ {A7 + A + AZH Y
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Letting Ay = 3 max{2A,(A, + AZ) + A2 + A2, A2+ A, + A?}, we obtain the
upper bound of V' as:
V< AIXIF + Y7 (3.5)

Thus, inequality (3.3) follows on combining the estimates (3.4) and (3.5) to-
gether. This completes the proof of the Lemma 3.3.

Next, we find the derivative of V(X,Y) with respect to t along the system
(2.7) for all solutions (X(t), Y(t)). This gives:
V = —(A’X,H(X)) — (B*Y,AY) + ({A + B>}H(X) — AB*Y, R(t))
+ ({B*+A}Y + A°X, Q)

- /1<A2X, Ju(sX)X)ds — (B*Y,AY) + ({B* + A}Y + A°X, Q)
0
4+ / 1({A + B*}Ju(sX)X — AB*Y,R(t))ds

in view of the assumption (i) of the Theorem 3.1 and Lemmas 2.5 - 2.7 we have

Vo< =050l X112 = G0l 1+ {(Aa + AN AN X = 83 1Y 1} D
+ {(AF + 2|V + AZIX [} X, Y + R)|
= —IG{[IXI* + IV} + K {lIX] + 1Y)}
+ Ks{lI X[+ IV} > [[Q(t, X, Y + R(2))| (3.6)
where K3 = min{020y,, 670,} , K4 = max{(A, + A})A;, 8,02} D and
K5 = max{A + A,, A2}
Now, by applying the condition (ii) of Theorem 3.1, we obtain
—K{IXI2 + V%Y + Ke{[IX11> + 1]Y]*}2
KAJIXIP + Y1232 x 9 {1X 117 + 1Y]*}2
—Ea{[IX 7+ IV I°} + Ke{IXI1* + 1Y 1P}2 + Koo { I X + Y]}
—{Ks — Ko HIXI” + [V I°} + K {I1X )7 + [ Y])°}2

The last inequality implies

1%

IN AN+ A

V < —{Ks — Ko}V () + KgV2(t) (3.7)

where K = K;v/2 and K7 = K5v/2. Thus, € can be taken to be € = K{1K3 > 0.
Hence, vy < € as indicated in Theorem 3.1.

According to Ezeilo[7], the following Lemma will be quite useful.

Lemma 3.4
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Assuming that the conditions (i) and (1) of Theorem 3.1 hold. Then, for arbi-
trary to, there exists positive constants Kg, Kg depending on A, H(X), Q and
R such that fort > ty,

VI(X(1),Y (1)) < KsV(X(t0), Y (t0)) + Ko. (3.8)

Moreover, there are finite constants n and Ky, also depending only on
A, H(X), Q and R such that if V(X (tg),Y (to)) < Kio, then

V(X (to+mn),Y(to+n)) < Kio (3.9)

for every ny < n < oc0.

Proof
Let us set W (t) = V(X(t),Y(t))z, then we have from inequality (3.7) that

d 1 1 1
a{W(t) eXP{E[K:a — Krpltt} < 515 eXP{§[K3 — K7olt}. (3.10)
Integrating (3.10) from ty to to + .5, S > 0, we have

W (to + ) exp(5[Ks — Kral(to + 5))

1 1 to+S 1
S W(to) eXp{§[K3 - K7’}/0]t0} + §K6/ exp{§[K3 - K7’}/0]t}dt (311)
t

0

It is obvious from the condition (ii) of Theorem 3.1 that the second term in the
inequality (3.11) above is a constant and also finite since 7y is a constant. On
some arrangements of terms in (3.11), we obtain

1
W(to + S) S KHW(to) exp{—§KgS} + Klg, S Z 0 (312)

where K19 is a positive constant depending on K3, Kg and K7.
NOW, if K11W(t0) S Klg, we have that

W(to + S) S 2K12, fOI" S Z 0. (313)

This means
V(ty+ S) < {2K5}%, provided that S > 0.

Also, if K11W (ty) > K2, we have from (3.12) that
W(to + S) < 2K11W(t0), for S > 0.

This means

V(to+S) < {2K11}*V (L), provided that S > 0.
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Hence, in all cases, we have
Vit +9) < {2K11}2V (t) + {2K15}?, provided that S > 0,

which is equivalent to (3.8) with Kz = {2K11}? and Ky = {2K1,}>.
The concluding part of the proof of the Lemma is now to show that for some
number, say 7 (whose value will be determined later),

Vito+n) < Ky
for every ny < n < oo and Kjg such that V(ty) < K.

Let’s define Klg = Kg = {2K12}2.
FiI‘St, if V(t()) > Klg, we have that K12 < %W(to)
Therefore, from (3.12), we have

1 1
W(to + S) < KHW(t()) eXp{—§K35} + EW(tO)
210g 2K11 > lOg 2K11

< W (ty) provided S > e e

(3.14)

That is,
V(to+S) < V(ty),

each time V' (ty) > Ki3. Now, if V (ty) < K3, we have that W (ty) < K1%3. Thus,
from (3.12), we have that

1 1 1
Wity +5) < Kn GXP{_§K3S}K123 + K3

1 2log K log 2K
< 2K}5, provided that S > 08 LIS 53 iy

K3 K3
That is,
log 2K
V(ty+ S) < 2K33, provided that S > 208 2811
3
Thus, on choosing 1y = % and K19 = 2K;3 in the above inequality, inequal-

ity (3.9) of Lemma 3.4 is verified and this completes the proof of Lemma 3.4.

To prove Theorem 3.1 completely, we need to prove that any two solutions
of (2.7) converge. This will be shown in the lemma below.

Lemma 3.5
Suppose that conditions (i) and (ii) of Theorem 3.1 hold. Suppose that in

addition that there exists constants ds, dy4, ds whose magnitude depend on
A, H(X),Q, and R, then if (X1,Y1), (Xo,Y32) are any two solutions of (2.7),

ther U(t) < daU (ko) exp{—(ds — dso) (£ — t0)}. (3.15)
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where
U(t) = {[IX:(t) = X201 + Y1 (2) — Ya()[*}.

Proof
Given that X;(t) and X5(t) are any two solutions of (2.7), we define a function

W = W(t) by
W (t) = V((Xi1(t) — Xa(t), (Ya(t) — Ya(1)))

where V' is the function earlier defined in (3.2) but with X, Y replaced by
(X1(t) — Xao(t)) and (Yi(t) — Ya(t)) respectively. Then, by inequality (3.3),
there exists positive constants say Kq4, K5 such that

K, U(t) < W(t) < Ki5U(1). (3.16)
Also by the inequality (3.16), it suffices to show that
W (t) < dsW (ty) exp{—(ds — dsy0)(t — to)}, (t > to). (3.17)
By the earlier calculation of V in (3.6), we have
W(t) < —Kuie{[| X1 — X + Vi = Y2} + K57 {1 X1 — Xa| + Y1 = Ya[[}]4]l.

where 0 = Q(t, X2, Yo + R) — Q(t, X1, Y1 + R). and K7 = K{7\/2
Let us set U(t) = {|| X1 — Xa|* + ||Y1 — Y2||*} then, we have
W(t) < —Ki6U(t) + Ki:UZ(1)]|0)]. (3.18)

Let 8 be any constant such that 1 < g < 2 and set 2a = 2 — 3, so that
0<2a<1.
We write inequality (3.18) in the form

W+ KigU(t) < Ki;UW™,

where X

W* = (|0]| — Ki6K7'U?)SG=),

We will consider separately two possible cases as follow.

(i) |0]| < KK7'U? and

(i) [|0]] > KiK' Uz.

We find out that in either case, there exists some constants Kig such that
W*(t) < Ki)|8]]*'=*). Thus, we can rewrite the inequality (3.18) as

W + K16U(t) S KlgUa”)/oU(l_a)
where K9 > 2K17K1s. This immediately yields

W + (K20 — Kgl’}/o)W(t) <0 (319)
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by (3.16), with positive constants Koy and K. On integrating (3.19) from ¢
to t1, (t1 > ty), we obtain

W (t1) < Wito) exp{ — (K2 — Ka170)(t1 —t0) }-
Again, by using (3.16), we obtain (3.17). Thus, inequality (3.15) implies that
for all t; —ty > 0 and vy < d4d5_1, —(dg — d50)(t — tp) is negative and so, as
t = (t1 — ty) — oo, we have U(t) — 0. Which implies
1 X1(t) = Xao(t)[] = 0, [[Yi(t) = Ya(t)|| = 0 as ¢ — oo
So that, for the unique solution X*(¢) of the equation (1), we have
IX(#) = X*(#)]| =0, [ X(t) = X ()| =0,

which implies that . '

X(t)=X"(t), X(t)=X(t).
This completes the proof of Lemma 3.5.

Proof of Theorem 3.1
Having proved Lemma 3.4 and Lemma 3.5, the proof of Theorem 3.1 then fol-

lows exactly as in Theorem 1 of [7] with the obvious modifications as required.

Proof of Theorem 3.2
The method to be used in proving Theorem 3.2 is as outlined in Ezeilo [7] but

with some modifications as a result of Q(¢, X,Y + R) which is almost periodic
in .
Let us consider the function defined as

(t) =V(X(t+n) - X(@1),Y(t+n) —Y()

where V' is the function defined in equation (3.2) with X, Y replaced by
X(t+n) —X(@),Y(t+n) —Y(t)), respectively. Then, we easily have by the
inequality (3.3) that there exists positive constants c;, ¢o both positive such
that

c1S(t) < Y(t) < eS(t) (3.20)

with
St) ={IX(t+n) — XD + Y (t+n) - Y}

Following the approach used in proving Lemma 3.5, we have for some positive
constants c3, ¢4 that

U < —es{IX(E ) = X+ Y (E+0) - Y (@)}
+ e[ X +n) = XOI + [V +n) = Y@L (3.21)

with 0 = Q(t +n, X(t+7),Y({t+n)+ R(t+n)) —Qt, X (1), Y(t) + R(1)).
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Now, we can rewrite (3.21) as

¢ < —e{lIX(t ) = XOIP+ Y (¢t +n) - Y(lt)I\Q}
+ {IXE+n) - XOI+ Y (E+n) =Y @)} x
1QE +n, X (& +n),Y(t+n) + R(t +n)) — Q(t, X(¢)),Y(t) + R(1))]]
+ a{l|X(E+n) = X@OI + Y +n) = Y@} (3.22)

Assuming now that the function @) is uniformly almost periodic in . Then for
arbitrary number y > 0, we can find 1 > 0 such that

Q(t+n, X (t+m), Y (t+n)+R(t+n)) —Q(t, X (1)), Y (1) + R(1)|| < Au® (3.23)

where \ is a constant whose value will be determined later to our credit. Thus,
from (3.22), we obtain

Y < —csS(t) + esS2(H)]|0]] + coS® (8) A (3.24)
where ¢5 = c4v/2 and ¢ = V2. By condition (ii) of Theorem 3.1, we have
{IX(t+n) = XA +|[Y(t+n) - YO)|*}: < Dy (3.25)
then _ )
w + CgS(t) S C5S§(t)H8H + CGDl)\/LQ. (326)

Let 8 be any constant such that 1 < f < 2 and set a = 1 — %6, so that
0 < a < 1. Inequality (3.26) thus becomes,

d
d—’f < 05510([]}’< + C6D1/\,u2 (327)

where U* = §G3-0) (Hen _ cglcgsé(t)).
Now, if ||0]| < ¢; 352 (t), we obtain
U <0
again, suppose that || > c; '35 (t), that is,
S < (cse5t]10])?, we get

U™ < cql|6)*,

where c; = (c5c3 )21,
Thus in the two cases, U* < c¢7||8]|*!=®). Therefore, on using the fact that
16]] < 4052 from inequality (3.1), inequality (3.27) becomes,

dyp

E S 676573(170[)5(15) + CGDl)\[LQ.
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On using inequality (3.20), we have

d
d_@t/} + Cg’ygw < CGD1>\IM2 (328)

where cg = —cresy”.
Integrating inequality 3.28 from %y to ¢ with ¢t > t; and letting

t
c11 :/ e®ds,
to

U(t) < (to) exp{es(to — t)} + c11 exp{—cst} DAy’

< (to) exp{es(to — t)} + cradp’ (3:29)

where c¢12 = ¢q1exp{—cst}D;. By letting ¢y — —o0o in inequality (3.29) and
noting that 1 (ty) is finite from (3.25), we then obtain

W(t) S 012)\,u2
for arbitrary ¢. Now, by inequality (3.20) and the definition of W (t), we obtain
1X (¢ +n) = XOI* + Y (E+n) =Y (O < ey (3.30)

we obtain

Taking A = cicpy, inequality (3.30) thus becomes
IX(E+n) = XOIFF + 1Y (t+n) - YOI < p”. (3.31)
Multiplying inequality (3.31) by v/2, we obtain
V2{|IX(t +n) = XOIP + Y +n) - YOI} < V22,
it then follows that
X +n) = XOI+ Y +n) =Y <p (3.32)

The proof of the first part of Theorem 3.2 is completes once we choose 7 to
satisfy (3.23) and A = cjcy.

The proof of the second part of Theorem 3.2 is as follows. Assuming that
Q(t, X, Y + R) is periodic in ¢ with period € and we fix the 7 in the definition of
Y(t). Then, the terms on the left hand side of (3.23) is identically zero, and if
we proceed just as we did above, we shall obtain the following in place of (3.30)

IX(t+n) = XOIP + Yt +n) - Y®)]* < 0.
But the above cannot be less than zero. Therefore,

IX(E+m) = XOI + Yt +n) - Y (O =0.
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This obviously implies that

X(t+n)=X@{)and Y(t+n) =Y (¢)

this therefore shows the periodicity as required and the proof of Theorem 3.2
is completed.
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