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ÏÅÐÅÌÅÍÍÛÌ ÏÀÐÀÌÅÒÐÎÌ

Ðàññìîòðèì ìîäåëü, îïèñûâàåìóþ ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé:

ẋ = f(t, x, p), (1)

ãäå x ∈ Rn, p ∈ Rm.

Ìû ïðåäïîëàãàåì, ÷òî âåêòîð-ôóíêöèÿ f , ñòîÿùàÿ â ïðàâîé ÷àñòè ñè-
ñòåìû (1), íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ (t, x, p) è íåïðåðûâíî
äèôôåðåíöèðóåìà ïî ïåðåìåííûì (x, p) â îáëàñòè D ïðîñòðàíñòâà R1+n+m.

Â èçó÷àåìîé ïîñòàíîâêå çàäà÷è ïàðàìåòð p ÿâëÿåòñÿ íåïðåðûâíîé ôóíê-
öèåé îò t, ïðèíàäëåæàùåé íåêîòîðîìó êëàññó ôóíêöèé P, îïðåäåëåííûõ íà
ôèêñèðîâàííîì ïðîìåæóòêå [0, T ]. Ââåäåì îáîçíà÷åíèå {p} = {p(t) : t ∈
[0;T ]}.

Ôèêñèðóåì âåêòîð x0 ∈ Rn è îáîçíà÷èì ÷åðåç x(t, {p}) ðåøåíèå çàäà÷è
Êîøè ñ íà÷àëüíûìè äàííûìè (0, x0) äëÿ ñèñòåìû (1), â êîòîðîé çàôèêñèðî-
âàí ïàðàìåòð-ôóíêöèÿ p ∈ P.

Ìû ó÷èòûâàåì, ÷òî çíà÷åíèå x(t0, {p}) ïðè t0 ∈ [0, T ] çàâèñèò ëèøü îò
çíà÷åíèé p(t) ïðè t ∈ [0, t0].

Íàøå îñíîâíîå ïðåäïîëîæåíèå î êëàññå P òàêîâî: äëÿ ëþáîé ôóíêöèè
p ∈ P ðåøåíèå x(t, {p}) åäèíñòâåííî è îïðåäåëåíî íà âñåì ïðîìåæóòêå [0, T ].
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Äëÿ ëþáîé ôóíêöèè q(t), t ∈ [0, T ], ìû îáîçíà÷àåì

‖q‖ = sup
t∈[0,T ]

|q(t)|.

Îïðåäåëåíèå 1. Ïóñòü p1, p2 ∈ P. Áóäåì ãîâîðèòü, ÷òî ïàðà (p1, p2)
ðàçëè÷èìà ïî íàáëþäåíèþ ðåøåíèÿ x(t, {p}) â òî÷êå T , åñëè

x(T, {p1}) 6= x(T, {p2}).

Â äàëüíåéøåì, äëÿ êðàòêîñòè áóäåì ãîâîðèòü ïðîñòî "ïàðà (p1, p2) ðàç-
ëè÷èìà". Îòìåòèì, ÷òî âåêòîð x0 ïðåäïîëàãàåòñÿ ôèêñèðîâàííûì äëÿ âñåõ
ðàññìàòðèâàåìûõ ðåøåíèé x(t, {p}).

Îïðåäåëåíèå 2. Ñèñòåìà (1) íàçûâàåòñÿ ëîêàëüíî èäåíòèôèöèðóåìîé
ïðè p0 ∈ P, åñëè ñóùåñòâóåò òàêîå ε > 0, ÷òî åñëè p ∈ P è 0 < ‖p0 − p‖ < ε,
òî ïàðà (p0, p) ðàçëè÷èìà.

Ïîñòàíîâêà âîïðîñà î ëîêàëüíîé èäåíòèôèöèðóåìîñòè â çàäà÷å îá èäåí-
òèôèöèðóåìîñòè ðåøåíèÿ ïî íàáëþäåíèÿì íà êîíöàõ ïðîìåæóòêà áûëà èñ-
ñëåäîâàíà â ìîíîãðàôèè [1]. Èññëåäîâàíèå ïðîâîäèëîñü â òîì ñëó÷àå, êîãäà
ïàðàìåòð-ôóíêöèÿ p � ïîñòîÿííàÿ èëè êóñî÷íî-ïîñòîÿííàÿ íà îòðåçêå [0, T ].
Îñíîâíûì îòëè÷èåì äàííîé ïîñòàíîâêè çàäà÷è îò ïîñòàíîâêè çàäà÷è â [1]
ÿâëÿåòñÿ òî, ÷òî ìû íå ïðåäïîëàãàåì ïîñòîÿíñòâî èëè êóñî÷íîå ïîñòîÿíñòâî
ïàðàìåòð-ôóíêöèè p.

Ïóñòü K - íåêîòîðûé êëàññ ôóíêöèé, çàäàííûõ íà [0, T ].

Îïðåäåëåíèå 3. Ôèêñèðóåì p0 ∈ P. Áóäåì ãîâîðèòü, ÷òî ñåìåéñòâî P

íîðìèðîâàííî îòäåëåíî îò K â p0, åñëè èç ëþáîé ïîñëåäîâàòåëüíîñòè ýëåìåí-
òîâ pk ∈ P, îáëàäàþùåé ñâîéñòâàìè ‖pk − p0‖ > 0 è ‖pk − p0‖ → 0, k → ∞,
ìîæíî âûáðàòü òàêóþ ïîäïîñëåäîâàòåëüíîñòü pkl

, ÷òî ïîñëåäîâàòåëüíîñòü
pkl
−p0

‖pkl
−p0‖ ðàâíîìåðíî ñõîäèòñÿ íà [0, T ] ê íåêîòîðîé ôóíêöèè, íå ïðèíàäëåæà-

ùåé êëàññó K.

Ôèêñèðóåì p0 ∈ P.

Ïðåäïîëîæèì, ÷òî

{(t, x(t, {p0}), p0(t)) : t ∈ [0, T ]} ⊂ D. (2)

Ïóñòü Y (t) - ôóíäàìåíòàëüíàÿ ìàòðèöà ëèíåéíîé ñèñòåìû

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 18
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ẏ =
∂f(t, x(t, {p0}), p0)

∂x
y, (3)

óäîâëåòâîðÿþùàÿ íà÷àëüíîìó óñëîâèþ

Y (0) = E,

ãäå E - åäèíè÷íàÿ ìàòðèöà ðàçìåðà n× n.

Ðàññìîòðèì ëèíåéíûé ôóíêöèîíàë

Ψ : P→ Rn,

çàäàííûé ôîðìóëîé

Ψ(p) =

T∫
0

Y −1(s) · ∂f
∂p

(s, x(s, {p0}), p0(s))p(s)ds, (4)

è îáîçíà÷èì ÷åðåç K ÿäðî ôóíêöèîíàëà Ψ.

Îñíîâíîé ðåçóëüòàò ñòàòüè òàêîâ.

Òåîðåìà. Åñëè ñåìåéñòâî P íîðìèðîâàííî îòäåëåíî îò K â p0, òî ñèñòåìà
(1) ëîêàëüíî èäåíòèôèöèðóåìà ïðè ïàðàìåòð-ôóíêöèè p0.

Äîêàçàòåëüñòâî.

Îáîçíà÷èì ìàëîå èçìåíåíèå ïàðàìåòðà p0 ÷åðåç ∆p:

p(t) = p0(t) + ∆p(t).

Òàêæå ââåäåì îáîçíà÷åíèå:

∆x(t) = x(t, {p})− x(t, {p0}).

Äîêàæåì, ÷òî äëÿ ∆x(T ) èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

∆x(T ) = Y (T ) ·Ψ(∆p) +G(∆p), (5)

ãäå
|G(∆p)|
‖∆p‖

→ 0 ïðè ‖∆p‖ → 0. (6)
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Ïîäñòàâèì x(t, {p0}) â (1) è ïðîèíòåãðèðóåì ðåçóëüòàò íà ïðîìåæóòêå
[0, t]:

x(t, {p0}) = x0 +

t∫
0

f(s, x(s, {p0}), p0(s))ds. (7)

Àíàëîãè÷íî, âåðíî ðàâåíñòâî

x(t, {p}) = x0 +

t∫
0

f(s, x(s, {p}), p(s))ds.

Ïåðåïèøåì ýòî ðàâåíñòâî, ïîäñòàâèâ p0(t) + ∆p(t) âìåñòî p(t):

x(t, {p0 + ∆p}) = x0 +

t∫
0

f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))ds. (8)

Âû÷èòàÿ èç ðàâåíñòâà (8) ðàâåíñòâî (7), ïîëó÷àåì ðàâåíñòâî

∆x(t) =

t∫
0

[f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))]ds. (9)

Ïîêàæåì, ÷òî äëÿ ∆x(t) èìååò ìåñòî ïðåäñòàâëåíèå

∆x(t) =

t∫
0

∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)ds+

+

t∫
0

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s)ds+ Γ(t) (10)

äëÿ ëþáîãî t ∈ [0, T ], ïðè÷åì

1

‖∆p‖
·
∣∣∣∣dΓ

dt
(t)

∣∣∣∣⇒ 0 ïðè ‖∆p‖ → 0, t ∈ [0, T ]. (11)

Ðàñïèøåì ïîäûíòåãðàëüíóþ ôóíêöèþ èç ïðàâîé ÷àñòè ðàâåíñòâà (9) â
ïåðâîì ïðèáëèæåíèè:

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 20
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f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s)) =

=
∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)+

+
∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s) + α(s,∆x(s),∆p(s)). (12)

Èç ôîðìóëû (12) ñëåäóåò, ÷òî

α(s,∆x(s),∆p(s)) = f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))−

−f(s, x(s, {p0}), p0(s))−
∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)−

−∂f
∂p

(s, x(s, {p0}), p0(s)) ·∆p(s).

Ïîäñòàâèì ðåçóëüòàò (12) â ðàâåíñòâî (9):

∆x(t) =

t∫
0

∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)ds+

+

t∫
0

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s)ds+

t∫
0

α(s,∆x(s),∆p(s))ds. (13)

Îöåíèì α(s,∆x(s),∆p(s)):

|α(s,∆x(s),∆p(s))| = |f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))−

−f(s, x(s, {p0}), p0(s))−
∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)−

−∂f
∂p

(s, x(s, {p0}), p0(s)) ·∆p(s)| ≤

≤ |f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))−

−∂f
∂x

(s, x(s, {p0}), (p0 + ∆p)(s)) ·∆x(s)|+

+

∣∣∣∣[∂f∂x(s, x(s, {p0}), (p0 + ∆p)(s))− ∂f

∂x
(s, x(s, {p0}), p0(s))

]
·∆x(s)

∣∣∣∣+
Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 21
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+|f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))−

−∂f
∂p

(s, x(s, {p0}), p0(s)) ·∆p(s)|. (14)

Ââåäåì îáîçíà÷åíèå:

g(θ) = f(s, x(s, {p0}) + θ ·∆x(s), (p0 + ∆p)(s)), θ ∈ [0, 1].

Ñ ó÷åòîì ââåäåííîãî îáîçíà÷åíèÿ ïðåîáðàçóåì ïåðâîå âûðàæåíèå â ïðà-
âîé ÷àñòè ôîðìóëû (14).

Âåðíî ðàâåíñòâî

f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s)) =

= g(1)− g(0) =

∫ 1

0

∂g

∂θ
dθ =

∫ 1

0

∂f

∂x
(s, x(s, {p0}) + θ∆x(s), (p0 + ∆p)(s))×

×∆x(s)dθ.

Çàìåòèì òàêæå, ÷òî

∂f

∂x
(s, x(s, {p0}), (p0 + ∆p)(s)) ·∆x(s) =

=

∫ 1

0

[
∂f

∂x
(s, x(s, {p0}), (p0 + ∆p)(s)) ·∆x(s)

]
dθ.

Òàêèì îáðàçîì,

f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))−

−∂f
∂x

(s, x(s, {p0}), (p0 + ∆p)(s)) ·∆x(s) =

=

∫ 1

0
[
∂f

∂x
(s, x(s, {p0}) + θ∆x(s), (p0 + ∆p)(s))−

−∂f
∂x

(s, x(s, {p0}), (p0 + ∆p)(s))] ·∆x(s)dθ.

Ðàññìîòðèì êîìïàêòíîå ïîäìíîæåñòâî Ma ïðîñòðàíñòâà R × Rn × Rm,
çàäàííîå òàê:

Ma = {(t, x, p) : t ∈ [0, T ], |x− x(t, {p0})| ≤ a, |p− p0(t)| ≤ a},

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 22
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ãäå a > 0. Èç (2) ñëåäóåò, ÷òî a ìîæíî âûáðàòü ñòîëü ìàëûì, ÷òîáû âûïîë-
íÿëîñü âêëþ÷åíèå Ma ∈ D.

Òàê êàê f íåïðåðûâíî äèôôåðåíöèðóåìà ïî x, òî ∂f
∂x ðàâíîìåðíî íåïðå-

ðûâíà íà êîìïàêòå Ma. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå δ ∈ (0, a),
÷òî åñëè |∆x(s)|, |∆p(s)| ≤ δ, òî

|∂f
∂x

(s, x(s, {p0}) + θ∆x(s), (p0 + ∆p)(s))− ∂f

∂x
(s, x(s, {p0}), (p0 + ∆p)(s))| < ε

äëÿ ëþáûõ θ ∈ [0, 1] è s ∈ [0, T ].

Òàê êàê p ðàâíîìåðíî ñòðåìèòñÿ ê p0 ïðè ‖∆p‖ → 0, òî ïî òåîðåìå î
íåïðåðûâíîé çàâèñèìîñòè ðåøåíèé îò íà÷àëüíûõ äàííûõ è ïàðàìåòðîâ ðå-
øåíèå x(t, {p0 + ∆p}) ðàâíîìåðíî ñòðåìèòñÿ ê x(t, {p0}) íà [0, T ].

Ïîýòîìó ñóùåñòâóåò òàêîå δ1 > 0, ÷òî åñëè ‖∆p‖ < δ1, òî âûïîëíÿþòñÿ
íåðàâåíñòâà

|x(t, {p0 + ∆p})− x(t, {p0})| ≤ δ ïðè t ∈ [0, T ],

òî åñòü òî÷êè (t, x(t, {p0 +∆p}), (p0 +∆p)(t)) è (t, x(t, p0), (p0 +∆p)(t)) ëåæàò
â ìíîæåñòâå Ma è |∆x(s)| ≤ δ, s ∈ [0, T ].

Òîãäà

∥∥∥∥∂f∂x(s, x(s, {p0}) + θ∆x(s), (p0 + ∆p)(s))− ∂f

∂x
(s, x(s, {p0}), (p0 + ∆p)(s))

∥∥∥∥×
×|∆x(s)| < ε · |∆x(s)|.

Èç ýòîãî ñëåäóåò, ÷òî åñëè ‖∆p‖ ≤ δ1, òî

|f(s, x(s, {p0}) + ∆x(s), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))−

−∂f
∂x

(s, x(s, {p0}), (p0 + ∆p)(s)) ·∆x(s)| ≤ ε · ‖∆x‖. (15)

Òåïåðü àíàëîãè÷íî îöåíèì âòîðîå âûðàæåíèå â ïðàâîé ÷àñòè âûðàæåíèÿ
(14). Òàê êàê ∂f

∂x ðàâíîìåðíî íåïðåðûâíà íà êîìïàêòåMa, òî äëÿ ëþáîãî ε > 0
ñóùåñòâóåò òàêîå δ ∈ (0, a), ÷òî åñëè ‖∆p‖ ≤ δ, òî∥∥∥∥∂f∂x(s, x(s, {p0}), (p0 + ∆p)(s))− ∂f

∂x
(s, x(s, {p0}), p0(s))

∥∥∥∥ < ε.
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Èç ýòîãî ñëåäóåò, ÷òî åñëè ‖∆p‖ ≤ δ, òî âåðíà îöåíêà:

∣∣∣∣[∂f∂x(s, x(s, {p0}), (p0 + ∆p)(s))− ∂f

∂x
(s, x(s, {p0}), p0(s))

]
·∆x(s)

∣∣∣∣ ≤ ε ·‖∆x‖.

(16)

Àíàëîãè÷íûì îáðàçîì îöåíèì è òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè âûðà-
æåíèÿ (14).

Ââåäåì îáîçíà÷åíèå:

h(θ) = f(s, x(s, {p0}), (p0 + θ ·∆p)(s)), θ ∈ [0, 1].

Ñ ó÷åòîì ââåäåííîãî îáîçíà÷åíèÿ ïðåîáðàçóåì òðåòüå âûðàæåíèå â ïðà-
âîé ÷àñòè ôîðìóëû (14).

Âåðíî ðàâåíñòâî

f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s)) =

= h(1)− h(0) =

∫ 1

0

∂h

∂θ
dθ =

∫ 1

0

∂f

∂p
(s, x(s, {p0}), (p0 + θ ·∆p)(s))×

×∆p(s)dθ.

Çàìåòèì òàêæå, ÷òî

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s) =

∫ 1

0

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s)dθ.

Òàêèì îáðàçîì,

f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))−

−∂f
∂p

(s, x(s, {p0}), p0(s)) ·∆p(s) =

=

∫ 1

0

∂f

∂p
(s, x(s, {p0}), (p0 + θ ·∆p)(s)) ·∆p(s)dθ−

−
∫ 1

0

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s)dθ =

=

∫ 1

0

{[
∂f

∂p
(s, x(s, {p0}), (p0 + θ ·∆p)(s))− ∂f

∂p
(s, x(s, {p0}), p0(s))

]
·∆p(s)

}
ds.
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Òàê êàê f íåïðåðûâíî äèôôåðåíöèðóåìà, òî ∂f
∂p ðàâíîìåðíî íåïðåðûâíà

íà êîìïàêòåMa. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå δ ∈ (0, a), ÷òî åñëè
|∆p(s)| ≤ δ, òî

∣∣∣∣∂f∂p (s, x(s, {p0}), (p0 + θ ·∆p)(s))− ∂f

∂p
(s, x(s, {p0}), p0(s))

∣∣∣∣ < ε.

Èç ýòîãî ñëåäóåò, ÷òî åñëè ‖∆p‖ ≤ δ, òî âåðíà îöåíêà:

∣∣∣∣[∂f∂p (s, x(s, {p0}), p0 + θ ·∆p)− ∂f

∂p
(s, x(s, {p0}), p0)

]∣∣∣∣·‖∆p‖ ≤ ε·‖∆p‖. (17)

Òàêèì îáðàçîì, èç ñîîòíîøåíèé (15) - (17) ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0
ñóùåñòâóåò òàêîå δ > 0, ÷òî åñëè ‖∆p‖ < δ, òî

|α(s,∆x(s),∆p(s))| ≤ ε · ‖∆x‖+ ε · ‖∆x‖+ ε · ‖∆p‖;
ýòî îçíà÷àåò, ÷òî

|α(s,∆x(s),∆p(s))|
‖∆p‖+ ‖∆x‖

⇒ 0 ïðè ‖∆p‖+ ‖∆x‖ → 0 , s ∈ [0, T ].

Ëåììà 1. Âåðíî ñîîòíîøåíèå

|α(s,∆x(s),∆p(s))|
‖∆p‖

⇒ 0 ïðè ‖∆p‖ → 0 , s ∈ [0, T ]. (18)

Äîêàçàòåëüñòâî.

Îöåíèì ñâåðõó ôóíêöèþ, ñòîÿùóþ â ëåâîé ÷àñòè ðàâåíñòâà (9):

|∆x(t)| ≤
t∫

0

|f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))−

−f(s, x(s, {p0}), p0(s))|ds =

=

t∫
0

|f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))+
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+f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))|ds ≤

≤
t∫

0

|f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))|ds+

+

t∫
0

|f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))|ds. (19)

Òàê êàê f íåïðåðûâíî äèôôåðåíöèðóåìà ïî x è p, òî îíà ëèïøèöåâà ïî
ýòèì àðãóìåíòàì íà ìíîæåñòâå Ma. Îáîçíà÷èì ñîîòâåòñòâóþùóþ êîíñòàíòó
Ëèïøèöà ÷åðåç L.

Áóäåì ñ÷èòàòü, êàê è âûøå, ÷òî âåëè÷èíà ‖∆p‖ ñòîëü ìàëà, ÷òî âñå àð-
ãóìåíòû ðàññìàòðèâàåìûõ ôóíêöèé ëåæàò â Ma.

Òîãäà

|f(s, x(s, {p0 + ∆p}), (p0 + ∆p)(s))− f(s, x(s, {p0}), (p0 + ∆p)(s))| ≤

≤ L · ‖∆x‖. (20)

Èç òîãî, ÷òî f ëèïøèöåâà è ïî òðåòüåìó àðãóìåíòó íà ìíîæåñòâå Ma,
ñëåäóåò, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

|f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))| ≤ L · ‖∆p‖.

Èç ýòîãî ñëåäóåò, ÷òî

t∫
0

‖f(s, x(s, {p0}), (p0 + ∆p)(s))− f(s, x(s, {p0}), p0(s))‖ds ≤ t · L · ‖∆p‖ ≤

≤ T · L · ‖∆p‖, t ∈ [0, T ]. (21)

Ïîäñòàâèì îöåíêè (20) è (21) â (19):

|∆x(t)| ≤ L ·
t∫

0

|∆x(s)|ds+ T · L · ‖∆p‖.
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Ïðèìåíÿÿ ê äàííîìó íåðàâåíñòâó ëåììó Ãðîíóîëëà, ïîëó÷àåì ñëåäóþ-
ùóþ îöåíêó:

|∆x(t)| ≤ L · ‖∆p‖ · T · eLt. (22)

Çàìåòèì, ÷òî eLt ≤ eLT . Îáîçíà÷èì c1 = L · T · eLT è ïîäñòàâèì c1 â (22):

|∆x(t)| ≤ c1 · ‖∆p‖.

Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå δ > 0, ÷òî ‖∆x‖ ≤ c1 · ‖∆p‖ ïðè
‖∆p‖ < δ.

Òàêèì îáðàçîì, åñëè âåëè÷èíà ‖∆p‖ äîñòàòî÷íî ìàëà, òî

∆x(t) =

t∫
0

∂f

∂x
(s, x(s, {p0}), p0(s)) ·∆x(s)ds+

+

t∫
0

∂f

∂p
(s, x(s, {p0}), p0(s)) ·∆p(s)ds+

t∫
0

α(s,∆x(s),∆p(s))ds, (23)

è âûïîëíåíî ñîîòíîøåíèå (18).

Ëåììà 1 äîêàçàíà.

Ââåäåì îáîçíà÷åíèå:

Γ(t) =

t∫
0

α(s,∆x(s),∆p(s))ds.

Èç Ëåììû 1 ñëåäóåò, ÷òî ∆x(t) ìîæåò áûòü ïðåäñòàâëåíî â âèäå (10), è
ïðè ýòîì âûïîëíåíî ñîîòíîøåíèå (11).

Ôèêñèðóåì âåêòîð ξ0 ∈ Rn è îáîçíà÷èì ÷åðåç C1
ξ0

[0, T ] ìíîæåñòâî òàêèõ
ôóíêöèé ξ(t) ∈ C1[0, T ], ÷òî ξ(0) = ξ0.

Ðàññìîòðèì îïåðàòîð

Φ : C1
ξ0

[0, T ]→ C1
ξ0

[0, T ],

çàäàííûé ôîðìóëîé
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Φ(ξ) = ξ(t)−
t∫

0

∂f

∂x
(s, x(s, {p0}), p0(s))ξ(s)ds, (24)

ãäå t ∈ [0, T ].

Â íàøåì ñëó÷àå ðîëü ôóíêöèè ξ(t) áóäåò èãðàòü ∆x(t); ýòà ôóíêöèÿ ïðè-
íàäëåæèò êëàññó C1[0, T ] êàê ðàçíîñòü ðåøåíèé.

Ëåììà 2. Ïðè ëþáîì ξ0 îïåðàòîð Φ îáðàòèì.

Äîêàçàòåëüñòâî. Ðàññìîòðèì óðàâíåíèå

Φ(ξ) = η, (25)

ãäå η � ïðîèçâîëüíàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ êëàññó C1
ξ0

[0, T ].

Ïîêàæåì, ÷òî òàêîå óðàâíåíèå åäèíñòâåííûì îáðàçîì ðàçðåøèìî îòíî-
ñèòåëüíî ξ äëÿ ëþáîãî η. Ýòî è äîêàæåò ñóùåñòâîâàíèå îïåðàòîðà Φ−1.

Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (25) ïî t:

ξ̇ −X(t) · ξ = η̇,

ãäå

X(t) =
∂f

∂x
(t, x(t, {p0}), p0(t)).

Òàêèì îáðàçîì,
ξ̇ = X(t) · ξ + η̇. (26)

Ïîëó÷åííàÿ ñèñòåìà ÿâëÿåòñÿ ëèíåéíîé íåîäíîðîäíîé ñèñòåìîé äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Ñîîòâåòñòâóþùàÿ åé îäíîðîäíàÿ ñèñòåìà äèôôå-
ðåíöèàëüíûõ óðàâíåíèé èìååò âèä:

ξ̇ = X(t) · ξ.

Ïî ôîðìóëå Ëàãðàíæà, ó÷èòûâàÿ ââåäåííîå â íà÷àëå îáîçíà÷åíèå, ðåøå-
íèå äàííîé ñèñòåìû ñ íà÷àëüíûìè äàííûìè (0, ξ0) èìååò âèä:

ξ(t) = Y (t) · (ξ0 +

∫ t

0
Y −1(s)η̇(s)ds).
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Òàê êàê ôóíêöèÿ η̇ íåïðåðûâíà, òî èç òåîðåìû î åäèíñòâåííîñòè ðåøåíèÿ
äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñëåäóåò åäèíñòâåííîñòü ôóíê-
öèè ξ(t), äëÿ êîòîðîé âûïîëíåíî ðàâåíñòâî (26), à òåì ñàìûì è åäèíñòâåí-
íîñòü ýëåìåíòà ξ ∈ C1

ξ0
[0, 1], óäîâëåòâîðÿþùåãî ðàâåíñòâó (25).

Òàêèì îáðàçîì,

Φ−1(η) = Y (t) · (ξ0 +

∫ t

0
Y −1(s)η̇(s)ds).

Â äàëüíåéøåì ìû áóäåì ïðèìåíÿòü îáðàòíûé ôóíêöèîíàë Φ−1 ïðè ξ0 =
0. Îí çàäàåòñÿ ôîðìóëîé

Φ−1(η) = Y (t) ·
∫ t

0
Y −1(s)η̇(s)ds. (27)

Èç ôîðìóëû (27) ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå N > 0, ÷òî

‖Φ−1(η)‖ ≤ N ·
∥∥∥∥dηdt

∥∥∥∥ . (28)

Ðàññìîòðèì ξ(t) = ∆x(t) è çàïèøåì ôîðìóëó (10) â âèäå

Φ(ξ) = ξ(t)−
t∫

0

∂f

∂x
(s, x(s, {p0}), p0(s))ξ(s)ds =

=

∫ t

0

∂f

∂p
(s, x(s, {p0}), (p0)(s)) ·∆p(s)ds+ Γ(t). (29)

Ïðèìåíèì ê ðàâåíñòâó (29) îïåðàòîð Φ−1 (íàïîìíèì, ÷òî ìû ðàññìàòðè-
âàåì ξ0 = 0):

ξ(t) = Y (t) ·
t∫

0

Y −1(s) · ∂f
∂p

(s, x(s, {p0}), p0(s))∆p(s)ds+ Φ−1(Γ)(t). (30)

Ïîäñòàâèì â (30) t = T (ó÷èòûâàÿ âèä ôóíêöèîíàëà Ψ, ââåäåííîãî â (4)):

ξ(T ) = Y (T ) ·Ψ(∆p) +G(∆p), (31)

ãäå
G(∆p) = Φ−1(Γ)(T ).
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Èç ñîîòíîøåíèÿ (11) è îöåíêè (28) ñëåäóåò, ÷òî

|G(∆p)|
‖∆p‖

→ 0 ïðè ‖∆p‖ → 0. (32)

Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíîé òåîðåìû.

Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü
pk ∈ P, ÷òî pk 6≡ p0, ‖pk − p0‖ → 0 ïðè k →∞ è x(T, {p0}) = x(T, {pk}).

Òàê êàê ‖pk − p0‖ → 0, òî ïðèâåäåííûå âûøå ðàññóæäåíèÿ ïðèìåíèìû ê
ôóíêöèÿì

∆kx(t) = x(t, {pk})− x(t, {p0})
ïðè äîñòàòî÷íî áîëüøèõ k.

Òîãäà ïðè äîñòàòî÷íî áîëüøèõ k âûïîëíÿþòñÿ ðàâåíñòâà:

0 = Y (T ) ·Ψ(∆pk) +G(∆pk), (33)

ãäå ∆pk = pk(t)− p0(t).

Ðàçäåëèì ðàâåíñòâî (33) íà ‖∆pk‖:

0 = Y (T ) ·Ψ
(

∆pk
‖∆pk‖

)
+
G(∆pk)

‖∆pk‖
(34)

Ïî ïðåäïîëîæåíèþ, ñåìåéñòâî P íîðìèðîâàííî îòäåëåíî îò K â p0, ïî-
ýòîìó ñóùåñòâóåò òàêàÿ ïîäïîñëåäîâàòåëüíîñòü pkl

ïîñëåäîâàòåëüíîñòè pk,
÷òî

∆pkl
(t)

‖∆pkl
‖

⇒ r ïðè kl →∞, t ∈ [0, T ], (35)

è r 6∈ K.

Òàê êàê ôóíêöèîíàë Ψ íåïðåðûâåí, èç (35) ñëåäóåò, ÷òî

Ψ

(
∆pkl

(t)

‖∆pkl
‖

)
→ Ψ(r) 6= 0 ïðè kl →∞, t ∈ [0, T ]. (36)

Ìàòðèöà Y (T ) íåâûðîæäåíà (êàê ôóíäàìåíòàëüíàÿ ìàòðèöà), ïîýòîìó

Y (T ) ·Ψ(r) 6= 0. (37)

Ýëåêòðîííûé æóðíàë. http://www.neva.ru/journal, http://www.math.spbu.ru/di�journal/ 30



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2009

Ñ äðóãîé ñòîðîíû, èç îöåíêè (32) ñëåäóåò, ÷òî

|G(∆pkl
)|

‖∆pkl
‖
→ 0 ïðè kl →∞. (38)

Èç (34) è (38) ñëåäóåò ñîîòíîøåíèå

0 = Y (T ) ·Ψ(r) + 0,

ïðîòèâîðå÷àùåå ñîîòíîøåíèþ (37).

Òåîðåìà äîêàçàíà.
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