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Àííîòàöèÿ

Îòíîñèòåëüíî íîâûé ìåòîä "íå ôèêñèðîâàííîé êîíñòðóêòèâíîé çàìåíû
ïåðåìåííûõ"âïåðâûå ïðèìåí¼í ê óðàâíåíèÿì Harry Dym (HD) è Korteweg
� de Vries (KdV). Ïîñòðîåíû äâå äèíàìè÷åñêèå ñèñòåìû è ñôîðìóëèðîâàíû
íåîáõîäèìûå óñëîâèÿ óñòîé÷èâîñòè ôàçîâûõ òðàåêòîðèé. Ïîñòðîåíà ñèñòåìà
ôóíêöèîíàëüíûõ àëãåáðàè÷åñêèõ óðàâíåíèé è äîêàçàíî, ÷òî äâà ôîðìàëü-
íûõ óñëîâèÿ ðàçðåøèìîñòè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà èìåþò îäèí íåòðèâèàëüíûé îá-
ùèé ìíîæèòåëü. Äëÿ óðàâíåíèé HD è KdV îáíàðóæåíî âàæíîå ñâîéñòâî: ïî-
ñëå ïðåäëàãàåìîé çàìåíû íîâîå "ñêðûòîå"êëþ÷åâîå óðàâíåíèå äëÿ ôóíêöèè
ïåðâîé ïðîèçâîäíîé îòäåëÿåòñÿ îò îñòàëüíûõ óðàâíåíèé. Òî÷íûå ðåøåíèÿ,
ïîñòðîåííûå ñ ïîìîùüþ íåàâòîíîìíîé äèíàìè÷åñêîé ñèñòåìû, ñîâïàäàþò ñ
ãëîáàëüíûìè ðåøåíèÿìè. Ýòîãî íå ïðîèñõîäèò â óðàâíåíèÿõ ñ äèññèïàöèåé.
Íàéäåíû ïî äâà êëàññà òî÷íûõ ðåøåíèé äëÿ óðàâíåíèé HD è KdV. Ïîÿâëÿ-
åòñÿ âîçìîæíîñòü êîíñòðóèðîâàíèÿ íîâûõ àñèìïòîòè÷åñêèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Harry Dym è Korteweg � de Vries, äèíàìè÷å-
ñêèå ñèñòåìû, óñòîé÷èâîñòü ôàçîâûõ òðàåêòîðèé
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Abstract

In the present work we for the �rst time apply a relatively new method
of constructive un�xed change of variables to the Harry Dym (HD) and the
Korteweg�de Vries (KdV) equations. We construct two dynamical systems and
formulate necessary conditions for the stability of phase trajectories. A system of
functional algebraic equations is constructed and it is proved that two formal
solvability conditions for a system of �rst order partial di�erential equations
have one non�trivial common factor. An important feature of the HD and KdV
equations was found: after an un�xed constructive change of variables, a new
"hidden"key equation for the function of the partial �rst derivative can be
separated from the other equations. The exact solutions constructed with the
help of a non-autonomous dynamical system coincide with global solutions. That
is not the case for equations with dissipation. Two classes of exact solutions are
found for the HD and for the KdV equation. A possibility arises to construct new
asymptotic solutions.

Keywords: Harry Dym and Korteweg � de Vries equations, dynamical systems,
stability of phase trajectories

1. Ââåäåíèå

Ïîä ðóêîâîäñòâîì àêàäåìèêà Àêàäåìèè Íàóê ÑÑÑÐ Â.Ï. Ìàñëîâà â 80
ãîäàõ 20 âåêà áûë íàïèñàí öèêë ðàáîò [1�7, 24�34], â êîòîðûõ ñîçäàíû îðè-
ãèíàëüíûå, ðàíåå íåèçâåñòíûå, ìåòîäû èññëåäîâàíèÿ çàäà÷ äëÿ íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè (ÍÄÓñ×Ï). Â ýòèõ
ðàáîòàõ ðàññìàòðèâàþòñÿ çàäà÷è äëÿ ïîëóëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíå-
íèé, êâàçèëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ ñ äèññèïàöèåé è ñ êâàäðàòè÷-
íûìè è êóáè÷åñêèìè íåëèíåéíîñòÿìè. Óðàâíåíèÿ, èçó÷åííûå â ýòèõ ðàáîòàõ,
ìîãóò ñîäåðæàòü ìàëûé ïàðàìåòð 0 < ε < 1. Â ýòèõ çàäà÷àõ èññëåäóþò-
ñÿ íå òîëüêî ðåøåíèÿ òèïà äåôîðìèðîâàííûõ ïðîñòûõ âîëí1, íî è ðåøåíèÿ,
êîòîðûå âîçíèêàþò èç èõ íåáîëüøîãî âîçìóùåíèÿ. Â çàäà÷àõ, ñâÿçàííûõ ñ
óðàâíåíèÿìè äèíàìèêè æèäêîñòè è ãàçà, è â ÷àñòíîñòè óðàâíåíèå Áþðãåðñà,
íåêîòîðûå ðåøåíèÿ ýâîëþöèîíèðóþò â ðåøåíèÿ áëèçêèå ê óäàðíûì âîëíàì,
à â ïðåäåëå, ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ îíè ïðåâðàùàþòñÿ
â óäàðíûå âîëíû [3, 6, 7]. Àíàëèç òàêèõ ðåøåíèé äëÿ óðàâíåíèÿ Áþðãåðñà
ïîäðîáíî èçëîæåí â ïðèëîæåíèè ê [1]. Ðåøåíèÿ òèïà ñãëàæåííûõ óäàðíûõ
âîëí äëÿ ïîëóëèíåéíûõ è êâàçèëèíåéíûõ äèôôåðåíöèàëüíûõ ïàðàáîëè÷å-

1Èçâåñòíî, ÷òî óðàâíåíèÿ èìåþùèå ãðóïïó ïðåîáðàçîâàíèé ñäâèãà äîïóñêàþò ðåøåíèå, êîòîðîå îïè-

ñûâàåòñÿ ôóíêöèåé ñ àðãóìåíòîì Z(x, t) = Z(τ)
∣∣∣
τ=x+bt

ñ èíâàðèàíòîì τ, b = const, êîòîðîå ïðèíÿòî

íàçûâàòü ïðîñòîé âîëíîé.
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ñêèõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè (ÍÄÓñ×Ï), ïîñòðîåíû â ÷àñòíî-
ñòè â ðàáîòàõ [10�16, 24, 25] â ðàçëè÷íûõ ïðèëîæåíèÿõ.

Ðåøåíèÿ óêàçàííîãî âèäà îáëàäàþò ñëåäóþùèì èíòåðåñíûì ñâîéñòâîì:
îíè ñòðåìÿòñÿ ê íóëþ ïðè t → −∞ íà ëþáîì êîíå÷íîì èíòåðâàëå îñè x.
Ïî îáðàçíîìó âûðàæåíèþ Â.Ï. Ìàñëîâà "ðåøåíèÿ âîçíèêàþò èç íè÷åãî".
Òàêèå "íóëåâûå"íà÷àëüíûå óñëîâèÿ èñïîëüçóþòñÿ â òåîðèè îáðàòíîé çàäà-
÷è ðàññåÿíèÿ, â ÷àñòíîñòè äëÿ ÍÄÓñ×Ï Êîðòåâåãà�äå Âðèçà, Êàäîìöåâà�
Ïåòâèàøâèëè, ñèíóñ-Ãîðäîí [24�34] è, íàïðèìåð, ðàññìàòðèâàëèñü òàêæå â
[4] â äðóãîé ñèòóàöèè.

Äàííàÿ ðàáîòà îñíîâàíà íà îáîáùåíèè íåêîòîðîãî ïðåîáðàçîâàíèÿ, êîòî-
ðîå áûëî âïåðâûå ïðåäëîæåíî â [5]. Ðàññìîòðèì êâàçèëèíåéíîå ( íà ñàìîì
äåëå ñèëüíî íåëèíåéíîå), äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèç-
âîäíûìè (ÍÄÓñ×Ï)

Z ′t − (K(Z)Z ′x)
′
x + F (Z) = 0

è ïîëîæèì
K(Z) = ρ(χ) χk > 0, Z(x, t) = χ(τ),

τ = x+ bt.

Òîãäà ïîëó÷èì ïåðâîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå
(ODE1)

b dχdτ −
d
dτ

(
ρ(χ)dχ

k

dτ

)
− F (χ(τ)) = 0,

ãäå ρ(χ) > 0, ρ(0) > 0, ρ(1) > 0, k > 1.

Ðàññìîòðèì ïîëóëèíåéíîå ( íà ñàìîì äåëå òîæå íåëèíåéíîå), äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè (ÍÄÓñ×Ï)

u′t − u′′xx +R(u) = 0

è ïîëîæèì
u(x, t) = Θ(ξ), ξ = x+ bt.

Òîãäà ïîëó÷èì âòîðîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå (ODE2)
b dΘ
dξ −

d2Θ
dξ2 −R(Θ) = 0,

ãäå
dR

dΘ
(Θ) íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ Θ ∈ [ 0, 1], ñ óñëî-

âèÿìè Θ
∣∣∣
ξ→−∞

→ 0, Θ
∣∣∣
ξ→∞

→ 1. Òîãäà ïðåîáðàçîâàíèå

ρ(χ)dχ
k

dτ = dΘ
dξ (τ(χ)) ñâÿçûâàåò ODE2 ñ ODE1,
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ãäå ôóíêöèè èñòî÷íèêà è äèññèïàöèè F (χ), R(χ) ñâÿçàíû ìåæäó ñîáîé

ñëåäóþùèì îáðàçîì F (χ) = R(χ)χ1−k

kρ(χ) .

Óêàçàííîå ïðåîáðàçîâàíèå èñïîëüçîâàëîñü â öèòèðóåìûõ ðàáîòàõ ïðè èñ-
ñëåäîâàíèè ýòàëîííîãî óðàâíåíèÿ, ñ öåëüþ óñòàíîâëåíèÿ ñâîéñòâ àñèìïòîòè-
÷åñêèõ ðåøåíèé [5�7, 24, 25]. Èäåÿ ìåòîäà, êîòîðûé ìû íàçûâàåì ìåòîäîì "íå
ôèêñèðîâàííîé êîíñòðóêòèâíîé çàìåíû ïåðåìåííûõ"(ÍÔÊÇÏ) áûëà âïåð-
âûå ïðåäëîæåíà â [10]. Äëÿ êâàçèëèíåéíîãî ÍÄÓñ×Ï ïàðàáîëè÷åñêîãî òèïà
âòîðîãî ïîðÿäêà (ÊÏÄÓñ×Ï), ïðèâåäåííîãî âûøå, ñäåëàíà çàìåíà ïåðåìåí-
íûõ èñêîìîé ôóíêöèè Z(x, t) è åå ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ, à òàêæå
íåçàâèñèìûõ ïåðåìåííûõ x = x(ξ, δ), t = t(ξ, δ) íà ïðîèçâîëüíûå äâàæäû
íåïðåðûâíî-äèôôåðåíöèðóåìûå ôóíêöèè [10�16].

Ïåðâîíà÷àëüíî áûëè èññëåäîâàíû òðè ñîîòíîøåíèÿ, à èìåííî ââåäåíû
äâå ïðîèçâîëüíûå ôóíêöèè äëÿ çàìåíû â íîâûõ íåçàâèñèìûõ ïåðåìåííûõ
÷àñòíûõ ïðîèçâîäíûõ ∂Z(x,t)

∂t , ∂Z(x,t)
∂x è åù¼ îäíî ñîîòíîøåíèå ñëåäóåò èç ÊÏ-

ÄÓñ×Ï. Îíè îáîáùàþò îïèñàííîå âûøå ïðåîáðàçîâàíèå íà ñëó÷àé äâóõ íåçà-
âèñèìûõ ïåðåìåííûõ. Ñîîòíîøåíèÿ èçó÷àëèñü â [10, 7]. Äàëåå ýòè ñîîòíîøå-
íèÿ áûëè äîïîëíåíû ÷åòâåðòûì óñëîâèåì, ðàâåíñòâà ñìåøàííûõ ïðîèçâîä-
íûõ èñêîìîé ôóíêöèè êàê â ñòàðûõ, òàê è íîâûõ ïåðåìåííûõ, äëÿ ðàçëè÷íûõ
ÊÏÄÓñ×Ï äëÿ ñëó÷àÿ äâóõ íåçàâèñèìûõ ïåðåìåííûõ. Ýòè ñîîòíîøåíèÿ èçó-
÷àëèñü â ðàáîòàõ [11�16].

Çàìåòèì, ÷òî äîáàâëåíèå ÷åòâåðòîãî ñîîòíîøåíèÿ êàðäèíàëüíî ìåíÿ-
åò ñèòóàöèþ. Â [11�16] äîêàçàíî, ÷òî ÷åòûðå ñîîòíîøåíèÿ îáðàçóþò ñèñòå-
ìó ôóíêöèîíàëüíûõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑÔËÀÓ) îòíî-
ñèòåëüíî íîâûõ ïåðåìåííûõ. Çà íîâûå ïåðåìåííûå âûáðàíû ïðîèçâîäíûå
ñòàðûõ ïåðåìåííûõ x = x(ξ, δ), t = t(ξ, δ) ïî íîâûì ïåðåìåííûì ξ, δ. Â
[15] òàêæå ïðèâåäåíî ðåøåíèå ìîäåëüíîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
äëÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè�Áåëëìàíà, ïîñòðîåííîå ìåòîäîì ÍÔÊÇÏ
â ñëó÷àå òð¼õ íåçàâèñèìûõ ïåðåìåííûõ, â óïðîùåííîì âèäå îíî îïèñàíî â
ðàáîòàõ [22, 23].

Èíòåðåñ ê ïðîáëåìàì, ñâÿçàííûì ñ óðàâíåíèåì ÊäÂ ïðîÿâëÿëñÿ â øêîëå
àêàäåìèêà Â.Ï. Ìàñëîâà äàâíî. Àñèìïòîòè÷åñêèå ðåøåíèÿ èññëåäîâàëèñü â
[3, 32�34] è â ðÿäå åãî ñòàòåé ñ ó÷åíèêàìè [26�34]. Íàïðèìåð, â [6, p. 180], [7,
p. 47�51] áûëè íàéäåíû ôîðìóëû ðåøåíèÿ ÊäÂ óðàâíåíèÿ â âèäå ðàöèîíàëü-
íîãî ñîëèòîíà è äâóõñîëèòîííîãî ðåøåíèÿ. Ìåòîä ÍÔÊÇÏ áûë çàùèùåí â
[15], à ôîðìóëû äëÿ íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû (ÍÄÑ) è âàðèàíòû
ÑÔËÀÓ äëÿ óðàâíåíèÿ ÊäÂ áûëè ïîëó÷åíû âïåðâûå â [18�20]. Â öèêëå ðà-
áîò [8�9, 17] äðóãèå èññëåäîâàòåëè ðàçâèâàëè ìåòîäû, ïðèìåíÿåìûå ïðè ðåøå-
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íèè çàäà÷,ñâÿçàííûõ ñ íåëèíåéíûìè óðàâíåíèÿìè ñ ÷àñòíûìè ïðîèçâîäíûìè
(ÍÄÓñ×Ï), òàêèìè êàê H. Dym (ÃÄ), Êîðòåâåãà�äå Âðèçà (ÊäÂ) è äðóãèõ.

Íàøà ðàáîòà îñíîâàíà íà íîâîì ìåòîäå "íå ôèêñèðîâàííîé êîíñòðóê-
òèâíîé çàìåíû ïåðåìåííûõ êîòîðûé â ïðèìåíåíèè ê óðàâíåíèÿì ÊäÂ è ÃÄ
ïîçâîëÿåò âûÿâèòü "ñêðûòîå"(îòäåëüíî äëÿ êàæäîãî èç íèõ) íîâîå êëþ÷åâîå
ÍÄÓñ×Ï, íà îñíîâàíèè êîòîðîãî ìîæíî ñòðîèòü íîâûå ðåøåíèÿ. Îñíîâíûå
ðåçóëüòàòû äàííîé ðàáîòû áûëè èçëîæåíû â äîêëàäå [21].

2. Ñèñòåìà ôóíêöèîíàëüíûõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé (ÑÔËÀÓ) äëÿ óðàâíåíèÿ Êîðòåâåãà�äå Âðèçà

Ðàññìîòðèì ñðàçó âñå ñåìåéñòâî óðàâíåíèé KdV. Îáû÷íî âûäåëÿþò ñëó-
÷àè n = 1 ñëàáîé äèñïåðñèè, è n = 2, ÷òî ñîîòâåòñòâóåò ìîäèôèöèðîâàííîìó
óðàâíåíèþ ÊäÂ è îïèñûâàåò ñëó÷àé ñèëüíîé äèñïåðñèè.

∂Z(x, t)

∂t
+ Zn ∂Z(x, t)

∂x
+ β

∂3Z

∂x3
= 0. (1)

Ïðåäïîëîæèì, ÷òî âñå èñïîëüçóåìûå ôóíêöèè ÿâëÿþòñÿ ãëàäêèìè, à èìåííî
òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ïî ñâîèì àðãóìåíòàì.

Õîðîøî èçâåñòíî [8�9], ÷òî ãðóïïà ïðåîáðàçîâàíèé ñäâèãà Z(x, t) = u(θ) ñ
èíâàðèàíòîì θ = x− V t, ïðèâîäèò óðàâíåíèå ÊäÂ ê ÎÄÓ òðåòüåãî ïîðÿäêà.
Ïåðâûé èíòåãðàë ýòîãî ÎÄÓ îïèñûâàåò íåëèíåéíûé àíãàðìîíè÷åñêèé îñöèë-
ëÿòîð. Ïîëó÷åííîå ÎÄÓ âòîðîãî ïîðÿäêà óìíîæàþò íà ïåðâóþ ïðîèçâîäíóþ
u′(θ), è ñíîâà èíòåãðèðóþò. Òîãäà ïîëó÷èì:

(u′(θ))2 = E − 2 (u(θ))n+2/(β(n+ 1)(n+ 2)) + V (u(θ))2/β − C1 u(θ),

β, n 6= −1,−2. Ïîñëåäíåå óðàâíåíèå îçíà÷àåò, ÷òî ÎÄÓ äëÿ ôóíêöèè ïåðâîé
ïðîèçâîäíîé îòäåëåíî îò îñòàëüíûõ óðàâíåíèé. Ýòîò âûâîä â ñëó÷àå ÎÄÓ ÿâ-
ëÿåòñÿ òðèâèàëüíûì è õîðîøî èçâåñòåí. Èçâåñòíî, ÷òî ïðè ðàçëè÷íûõ çíà÷å-
íèÿõ êîíñòàíò, èç ïðèâåä¼ííîãî ÎÄÓ ñëåäóþò ñîëèòîííûå ðåøåíèÿ Ê. ßêîáè
èëè ðàçëè÷íûå ðåøåíèÿ, îïèñûâàþùèå íåëèíåéíûå êîëåáàíèÿ.

Â äàííîé ðàáîòå ìû íàøëè ïåðåìåííûå, â êîòîðûõ óðàâíåíèå äëÿ ôóíê-
öèè ïåðâîé ïðîèçâîäíîé îòäåëÿåòñÿ îò îñòàëüíûõ, äëÿ óðàâíåíèé ÃÄ è ÊäÂ.
Ýòî ÍÄÓñ×Ï íàçûâàåì "ñêðûòûì". Âñå îñòàëüíûå ôóíêöèè âûðàæàþòñÿ
÷åðåç ðåøåíèå ýòîãî óðàâíåíèÿ. Ýòî íîâîå ñâîéñòâî óêàçàííûõ óðàâíåíèé
ñâÿçàíî ñî ñâîéñòâîì èíòåãðèðèðóåìîñòè. Òîãäà è âñ¼ èñõîäíîå ÍÄÓñ×Ï òî÷-
íî èíòåãðèðóåòñÿ â ïàðàìåòðè÷åñêîé ôîðìå. Âàæíî, ÷òî ïîëó÷åííûå íîâûå
â òåîðèè óðàâíåíèé ÃÄ è ÊäÂ ÍÄÓñ×Ï äëÿ ôóíêöèé ïåðâîé ïðîèçâîäíîé
ÿâëÿþòñÿ óðàâíåíèÿìè ñ ÷àñòíûìè ïðîèçâîäíûìè. Ýòî ïîçâîëÿåò ïîñòðî-
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èòü òî÷íûå è àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ïåðâîé ïðîèçâîäíîé � ôóíêöèè
Y (ξ, δ). Âñå îñòàëüíûå ôóíêöèè (ïðîèçâîäíûå) âûðàæàþòñÿ ÷åðåç Y (ξ, δ).

Ïðèìåíèì ìåòîä ÍÔÊÇÏ ê óðàâíåíèþ (1). Ñäåëàåì íå ôèêñèðîâàííóþ
êîíñòðóêòèâíóþ çàìåíó ïåðåìåííûõ äëÿ Z(x, t) ðåøåíèÿ (1) ÷åðåç ãëàäêóþ
íåèçâåñòíóþ ôóíêöèþ íîâûõ ïåðåìåííûõ U(ξ, δ)

Z(x, t)
∣∣∣
x=x (ξ, δ), t=t (ξ, δ)

= U(ξ, δ). (2)

Ïðåäïîëîæèì, ÷òî ÿêîáèàí ïðåîáðàçîâàíèÿ detJ = x′ξt
′
δ − t′ξx

′
δ íå ðàâåí

íóëþ è áåñêîíå÷íîñòè. (Â ïðîòèâíîì ñëó÷àå ýòîò ìåòîä íåïðèìåíèì). Òîãäà
ñóùåñòâóåò, õîòÿ áû ëîêàëüíî, îáðàòíîå ïðåîáðàçîâàíèå ξ = ξ(x, t), δ = δ(x, t)

è Z(x, t) = U(ξ, δ)
∣∣∣
ξ=ξ(x,t), δ=δ(x,t)

. Ìàòðèöà ßêîáè îáðàòíîãî ïðåîáðàçîâàíèÿ

èìååò âèä

J−1 =

(
ξ′x(x, t) δ′x(x, t)

ξ′t(x, t) δ′t(x, t)

)
.

Äîëæíî áûòü âûïîëíåíî ðàâåíñòâî JJ−1 = E. Ïðîèçâîäíûå ñòàðûõ ïåðåìåí-
íûõ x, t ïî íîâûì ïåðåìåííûì ξ, δ ñâÿçàíû ñîîòíîøåíèÿìè

∂x

∂ξ
= detJ

∂δ

∂t
,
∂t

∂ξ
= −detJ

∂δ

∂x
,
∂x

∂δ
= −detJ

∂ξ

∂t
,
∂t

∂δ
= detJ

∂ξ

∂x
. (3)

Àíàëîãè÷íî, äåëàåì åù¼ òðè çàìåíû:

∂Z

∂t

∣∣∣
x=x(ξ, δ), t=t (ξ, δ)

= T (ξ, δ)

∂Z

∂x

∣∣∣
x=x(ξ, δ), t=t(ξ, δ)

= Y (ξ, δ),

∂Y (ξ(x, t), δ(x, t))

∂x

∣∣∣
x=x(ξ, δ), t=t(ξ, δ)

= M(ξ, δ). (4)

Èñïîëüçóÿ (2) è (3), (4) ïîëó÷èì òðè óðàâíåíèÿ:

−∂U
∂ξ

∂x

∂δ
+
∂U

∂δ

∂x

∂ξ
= T (ξ, δ) (x′ξ t

′
δ − t′ξ x′δ), (5)

∂U

∂ξ

∂t

∂δ
− ∂U

∂δ

∂t

∂ξ
= Y (ξ, δ) (x′ξ t

′
δ − t′ξ x′δ), (6)

∂Y

∂ξ

∂t

∂δ
− ∂Y

∂δ

∂t

∂ξ
= M(ξ, δ) (x′ξ t

′
δ − t′ξ x′δ). (7)
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Óðàâíåíèå (1) â íîâûõ ïåðåìåííûõ ïðèíèìàåò âèä

∂M

∂ξ

∂t

∂δ
− ∂M

∂δ

∂t

∂ξ
= −T1(ξ, δ) (x′ξ t

′
δ − t′ξ x′δ)/β,

T1(ξ, δ) = T (ξ, δ) + U(ξ, δ)n Y (ξ, δ), (8)

Ñ íåîáõîäèìîñòüþ, äëÿ ôóíêöèè Z(x, t) äîëæíî áûòü âûïîëíåíî ðàâåíñòâî
ñìåøàííûõ ïðîèçâîäíûõ

Z ′′tx = Z ′′xt (9)

â íîâûõ ïåðåìåííûõ ξ, δ. Èñïîëüçóåì (2)�(4), è ïîëó÷èì åùå îäíî óðàâíåíèå

∂x

∂δ

∂Y

∂ξ
− ∂x

∂ξ

∂Y

∂δ
+
∂t

∂δ

∂T

∂ξ
− ∂t

∂ξ

∂T

∂δ
= 0. (10)

Óðàâíåíèå ÊäÂ (1) ýêâèâàëåíòíî ñèñòåìå ÍÄÓñ×Ï (5)�(8), (10).

Ñèñòåìó (5)�(8), (10) áóäåì àíàëèçèðîâàòü â äâà ýòàïà. Íà ïåðâîì ýòà-
ïå ðàññìîòðèì ñèñòåìó ÍÄÓñ×Ï (5),(6),(8),(10) êàê àëãåáðàè÷åñêóþ ñèñòåìó
îòíîñèòåëüíî ïðîèçâîäíûõ

x′ξ, x
′
δ, t′ξ, t

′
δ. (11)

Òåîðåìà 1. Ïóñòü äàíà ñèñòåìà ÍÄÓñ×Ï ÷åòûðåõ óðàâíåíèé (5), (6), (8),
(10) îòíîñèòåëüíî ïåðåìåííûõ (11). Òîãäà îíà ÿâëÿåòñÿ ñèñòåìîé ëèíåéíûõ
ôóíêöèîíàëüíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ÑÔËÀÓ îòíîñèòåëüíî ïåðåìåí-
íûõ (11) è èìååò åäèíñòâåííîå íåòðèâèàëüíîå ðåøåíèå

∂x

∂ξ
def
= z1(ξ, δ) = (β Y (ξ, δ)

(
T ′δ(ξ, δ) M

′
ξ(ξ, δ)− T ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
U ′ξ(ξ, δ) +

+T1(ξ, δ)
(
T ′δ(ξ, δ) U

′
ξ(ξ, δ)− T ′ξ(ξ, δ) U ′δ(ξ, δ)

)
U ′ξ(ξ, δ) +

+β T (ξ, δ)
(
M ′

δ(ξ, δ) U
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) U
′
δ(ξ, δ)

)
Y ′ξ (ξ, δ))/Ψ, (12)

∂x

∂δ
def
= z2(ξ, δ) = (β Y (ξ, δ)

(
T ′δ(ξ, δ) M

′
ξ(ξ, δ)− T ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
U ′δ(ξ, δ) +

+T1(ξ, δ)
(
T ′δ(ξ, δ) U

′
ξ(ξ, δ)− T ′ξ(ξ, δ) U ′δ(ξ, δ)

)
U ′δ(ξ, δ) +

+β T (ξ, δ)
(
M ′

δ(ξ, δ) U
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) U
′
δ(ξ, δ)

)
Y ′δ (ξ, δ))/Ψ, (13)

∂t

∂ξ
def
= z3(ξ, δ) =

(
β Y (ξ, δ) M ′

ξ(ξ, δ) + T1(ξ, δ) U
′
ξ(ξ, δ)

)
×

×
(
Y ′δ (ξ, δ) U

′
ξ(ξ, δ)− Y ′ξ (ξ, δ) U ′δ(ξ, δ)

)
/Ψ, (14)
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∂t

∂δ
def
= z4(ξ, δ) = (β Y (ξ, δ) M ′

δ(ξ, δ) + T1(ξ, δ) U
′
δ(ξ, δ))×

×
(
Y ′ξ (ξ, δ) U

′
δ(ξ, δ)− Y ′δ (ξ, δ) U ′ξ(ξ, δ)

)
/Ψ,

Ψ = β Y 2
(
T ′ξ(ξ, δ) M

′
δ(ξ, δ)− T ′δ(ξ, δ) M ′

ξ(ξ, δ)
)

+

+T T1

(
Y ′ξ (ξ, δ) U

′
δ(ξ, δ)− Y ′δ (ξ, δ) U ′ξ(ξ, δ)

)
+

+Y (T1

(
U ′ξ(ξ, δ) T

′
δ(ξ, δ)− U ′δ(ξ, δ) T ′ξ(ξ, δ)

)
+

+β T
(
Y ′ξ (ξ, δ) M

′
δ(ξ, δ)− Y ′δ (ξ, δ) M ′

ξ(ξ, δ)
)
). (15)

ßêîáèàí èìååò âèä

detJ = (β
(
M
′
ξ(ξ, δ) U

′
δ(ξ, δ)−M ′

δ(ξ, δ) U
′
ξ(ξ, δ)

)
×

×
(
U
′
δ(ξ, δ) Y

′
ξ (ξ, δ)− U ′ξ(ξ, δ) Y ′δ (ξ, δ)

)
)/Ψ. (16)

Ôóíêöèÿ T (ξ, δ) îïðåäåëÿåòñÿ èç (7) è èìååò âèä

T (ξ, δ) = (β M(ξ, δ)
(
M ′

ξ(ξ, δ) U
′
δ(ξ, δ)− β M ′

δ(ξ, δ) U
′
ξ(ξ, δ)

)
+

+Y (ξ, δ) (−Y ′δ (ξ, δ)
(
U ′ξ(ξ, δ) U

n + β M ′
ξ(ξ, δ)

)
+

+Y ′ξ (ξ, δ) ( U ′δ(ξ, δ) U
n + β M ′

δ(ξ, δ))))/Ψ0,

Ψ0 = Y ′δ (ξ, δ) U
′
ξ(ξ, δ)− Y ′ξ (ξ, δ) U ′δ(ξ, δ). (17)

Äîêàçàòåëüñòâî. Ñíà÷àëà ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé,
êàê â ìåòîäå ðåøåíèÿ ÑËÀÓ Ãàóññà èñêëþ÷àåì ÿêîáèàí èç óðàâíåíèé (5), (6),
(8), è ïîëó÷àåì äâà ëèíåéíûõ óðàâíåíèÿ. Óðàâíåíèå (10) ÿâëÿåòñÿ ëèíåéíûì.
Âûðàçèì òðè ëþáûå ïðîèçâîäíûå ñòàðûõ ïåðåìåííûõ ïî íîâûì èç (11) è
ïîäñòàâèì â îñòàâøååñÿ ÷åòâ¼ðòîå óðàâíåíèå.

Ðåçóëüòèðóþùåå óðàâíåíèå ïîñëå ïðèâåäåíèÿ ïîäîáíûõ îêàçûâàåòñÿ ëè-
íåéíûì. Òîãäà ïîëó÷èì (12)�(15). Äàëåå âû÷èñëÿåì (16), (17). Ïîäñòàâèì
ôóíêöèþ ÿêîáèàíà (16) â ïðàâûå ÷àñòè óðàâíåíèé (5)�(8) è ïîëó÷èì ÑÔËÀÓ
â êëàññè÷åñêîì âèäå. Òåîðåìà 1 äîêàçàíà.

3. Âîçìîæíîñòü èçó÷åíèÿ óñòîé÷èâîñòè ðåøåíèé

Ïóñòü äàíà ñèñòåìà óðàâíåíèé (12)�(15). Ìîæíî ïîñòðîèòü ïåðâóþ íåëè-
íåéíóþ äèíàìè÷åñêóþ ñèñòåìó (ÍÄÑ) (12), (14), è âòîðóþ íåëèíåéíóþ ÍÄÑ
(13), (15).

Äåéñòâèòåëüíî, íîâûå ïåðåìåííûå ξ è δ ìîæíî òðàêòîâàòü êàê íîâîå âðå-
ìÿ âäîëü òðàåêòîðèé.

a. Ñèñòåìà (12), (14) ìîæåò áûòü ðàññìîòðåíà êàê ÍÄÑ. Îíà èìååò íåïî-
äâèæíóþ òî÷êó (14), â êîòîðîé íåò âûðîæäåíèÿ (16), detJ 6= 0.

M ′
ξ(ξ, δ) = −U ′ξ(ξ, δ) T1/(β Y ). (18)
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Òîãäà èìååì t′ξ(ξ, δ) = 0. Òîãäà t(ξ, δ) = τ(δ), è èç (6) èìååì x′ξ(ξ, δ) =
U ′ξ(ξ, δ)/Y (ξ, δ), à èç (7), èìååì

M(ξ, δ) = Y ′ξ Y (ξ, δ)/U ′ξ(ξ, δ). (19)

Ïðèðàâíèâàåì (18) è ÷àñòíóþ ïðîèçâîäíóþ ïî ïåðåìåííîé ξ îò âûðàæåíèÿ
(19) è ïîëó÷àåì

T (ξ, δ) = −Un Y − β Y
(
∂

∂ ξ

(
Y Y ′ξ/U

′
ξ

))
/U ′ξ. (20)

Çàòåì ìû ìîæåì âû÷èñëèòü ýëåìåíòû íîâîé ìàòðèöû ßêîáè J1 äëÿ ñèñòåìû
(12), (14), ñîáñòâåííûå ÷èñëà, ñëåä, íîâûé ÿêîáèàí, èíôîðìàöèþ î ôàçîâîì
ïîòîêå è äðóãèå õàðàêòåðèñòèêè.

b. Ñèñòåìó (13), (15) òàêæå ìîæíî ðàññìàòðèâàòü êàê ÍÄÑ. Çäåñü òàêæå
åñòü íåïîäâèæíàÿ òî÷êà (15), â êîòîðîé íåò âûðîæäåíèÿ (16), detJ 6= 0.
Àíàëîãè÷íî ñëó÷àþ (a) ìû èìååì

M ′
δ(ξ, δ) = −U ′δ(ξ, δ) T1/(β Y ). (21)

Òîãäà t′δ(ξ, δ) = 0. Ïóñòü t(ξ, δ) = ξ , è èç (6) ïîëó÷èì x′δ(ξ, δ) =
U ′δ(ξ, δ)/Y (ξ, δ), à èç (7) èìååì

M(ξ, δ) = Y ′δ Y (ξ, δ)/U ′δ(ξ, δ). (22)

Ïðèðàâíèâàåì (21) è ÷àñòíóþ ïðîèçâîäíóþ îò (22) ïî ïåðåìåííîé δ, ïîëó÷èì

T (ξ, δ) = −Un Y − β Y
(
∂

∂δ
(Y Y ′δ/U

′
δ)

)
/U ′δ. (23)

Óðàâíåíèå (14) ñ ó÷¼òîì ðàâåíñòâà t′ξ = 1 ïðèìåò âèä

∂

∂δ
( T (ξ, δ)/Y (ξ, δ)) +

(
Y ′δ U

′
ξ − Y ′ξ U ′δ

)
/Y 2 = 0. (24)

Òîãäà ìîæíî âû÷èñëèòü ýëåìåíòû íîâîé ìàòðèöû ßêîáè J2 äëÿ ñèñòåìû (13),
(15), è òàê äàëåå. Îòìåòèì íàëè÷èå ñèììåòðèè â ñîîòíîøåíèÿõ (18)�(20) è
(21)�(23) îòíîñèòåëüíî çàìåíû ξ íà δ.

Èçó÷åíèå óñòîé÷èâîñòè ðåøåíèé ÊäÂ âûõîäèò çà ðàìêè äàííîé ðàáîòû.

4. Ñâîéñòâî óñëîâèé ðàçðåøèìîñòè ñèñòåìû (12)�(15)

Íà âòîðîì ýòàïå ðàññìîòðèì ñèñòåìó ÍÄÓñ×Ï ïåðâîãî ïîðÿäêà (12)�(15)
îòíîñèòåëüíî ôóíêöèé x = x(ξ, δ), t = t(ξ, δ). Õîðîøî èçâåñòíî, ÷òî óñëîâè-
åì ðàçðåøèìîñòè òàêîãî òèïà ñèñòåì ÿâëÿåòñÿ ðàâåíñòâî âòîðûõ ñìåøàííûõ
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ïðîèçâîäíûõ ôóíêöèé x = x(ξ, δ) è t = t(ξ, δ) ïî àðãóìåíòàì ξ è δ. Îñíîâîé
äëÿ âû÷èñëåíèÿ âòîðûõ ïðîèçâîäíûõ ÿâëÿþòñÿ óðàâíåíèÿ (12)�(15). Òîãäà
ïîëó÷èì

∂2x(ξ, δ)

∂ξ ∂δ
=
∂2x(ξ, δ)

∂δ ∂ξ
,
∂2t(ξ, δ)

∂ξ ∂δ
=
∂2t(ξ, δ)

∂δ ∂ξ
. (25)

Ñëåäóþùàÿ òåîðåìà ïðåäñòàâëÿåò îäèí èç öåíòðàëüíûõ ðåçóëüòàòîâ ìåòîäà
ÍÔÊÇÏ:

Òåîðåìà 2. Ïóñòü äàíà ñèñòåìà óðàâíåíèé (12)�(15). Òîãäà

a. Ìû èìååì äâà óñëîâèÿ ðàçðåøèìîñòè

∂z1(ξ, δ)

∂δ
− ∂z2(ξ, δ)

∂ξ
= TQ = 0,

∂z3(ξ, δ)

∂δ
− ∂z4(ξ, δ)

∂ξ
= YΨ0

2 Q = 0, (26)

äëÿ êîòîðûõ ñóùåñòâóåò íåòðèâèàëüíûé îáùèé ìíîæèòåëü Q(ξ, δ) äëÿ ëþáîé
ïðîèçâîëüíîé ãëàäêîé ôóíêöèè M(ξ, δ).

b.Äâà óñëîâèÿ ðàçðåøèìîñòè (12)�(15) ñâîäÿòñÿ ê ðàâåíñòâó íóëþ îáùåãî
ìíîæèòåëÿ

Q(ξ, δ) = 0 (27)

äëÿ ëþáûõ ãëàäêèõ ôóíêöèé U(ξ, δ), Y (ξ, δ), T (ξ, δ), M(ξ, δ).

Äîêàçàòåëüñòâî. Ýòî ñâîéñòâî ÍÄÓñ×Ï áûëî íåèçâåñòíî ðàíåå
è âïåðâûå îïóáëèêîâàíî â [11] äëÿ ÍÄÓñ×Ï ïðèâåäåííîãî âî ââå-
äåíèè. Íîâîå ÍÄÓñ×Ï Q = 0 çàâèñèò îò íåèçâåñòíûõ ôóíêöèé
Y (ξ, δ), T (ξ, δ), M(ξ, δ), U(ξ, δ) è èõ ïåðâûõ ïðîèçâîäíûõ. Óðàâíåíèå (27)
ïîëó÷àåì íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè (26). Ýòî óðàâíåíèå â èñõîäíîì
âèäå î÷åíü ãðîìîçäêîå2, îäíàêî, ïîñëå ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ îíî ñó-
ùåñòâåííî óïðîùàåòñÿ è ïîëó÷èì â èòîãå ¾ñêðûòîå¿ êëþ÷åâîå óðàâíåíèå
ñîäåðæàùåå âñåãî òðè ÷ëåíà ñóììû. Óðàâíåíèå âèäà, óêàçàííîãî â ôîðìóëè-
ðîâêå òåîðåìû , äëÿ óðàâíåíèÿ ÊäÂ â ïåðâîì ñëó÷àå áûëî âïåðâûå ïðèâåäåíî
â äîêëàäå [21]è âïåðâûå îïóáëèêîâàíî â äàííîé ðàáîòå.

Åñëè êàêàÿ-òî ÷åòâ¼ðêà ãëàäêèõ ôóíêöèé U, Y, T,M óäîâëåòâîðÿåò ñîîò-
íîøåíèþ (27), òîãäà ñèñòåìà (12)�(15) è (5), (6), (8), (10) ÿâëÿåòñÿ ðàçðåøè-
ìîé. Ñ äîáàâëåííûì óðàâíåíèåì (7) ðåøåíèå ïåðâîíà÷àëüíîãî ÍÄÓñ×Ï ÊäÂ
(1) âîññòàíàâëèâàåòñÿ (2). Òåîðåìà 2 äîêàçàíà.

5. Òî÷íûå ðåøåíèÿ óðàâíåíèÿ Êîðòåâåãà�äå Âðèçà.
2Äëÿ åãî çàïèñè òðåáóåòñÿ áîëåå òð¼õ ñòðàíèö ôîðìàòà À4 øðèôòîì 14. Äëÿ ïðîâåðêè áûëà èñïîëü-

çîâàíà ñèñòåìà êîìïüþòåðíûõ ñèìâîëüíûõ âû÷èñëåíèé Wolfram Mathematica.
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Êîíñòðóèðîâàíèå òî÷íûõ ðåøåíèé ÍÄÓñ×Ï KdV ìåòîäîì ÍÔÊÇÏ äëÿ
ôóíêöèé U(ξ, δ), Y (ξ, δ), T (ξ, δ), M(ξ, δ) ïîçâîëÿåò äîêàçàòü, ÷òî åñëè îïðå-
äåëåíà ôóíêöèÿ ïåðâîé ïðîèçâîäíîé Y (ξ, δ), òî îïðåäåëåíû è âñå îñòàëüíûå
ôóíêöèè. Òîãäà ìû ìîæåì âåðíóòüñÿ ê ïåðâîíà÷àëüíûì ðåøåíèÿì (2)�(4)
óðàâíåíèÿ KdV (1) â ïàðàìåòðè÷åñêîé ôîðìå.

Òåîðåìà 3. Ïóñòü äàíà ñèñòåìà (5)�(8), (10). Òîãäà çàìåíà ïåðåìåííûõ
(2)�(4) ïîçâîëÿåò äëÿ ôóíêöèè ïåðâîé ïðîèçâîäíîé Y (ξ, δ) ïîëó÷èòü óðàâíå-
íèå â íîâûõ ïåðåìåííûõ, è ýòî óðàâíåíèå îòäåëÿåòñÿ îò âñåõ äðóãèõ óðàâíå-
íèé è çàâèñèò òîëüêî îò ôóíêöèè U(ξ, δ) è å¼ ïðîèçâîäíûõ:

∂

∂δ

(
Un(ξ, δ) + β

(
∂

∂δ
(Y Y ′δ/U

′
δ )

)
/U ′δ

)
= (Y ′δ U

′
ξ − Y ′ξ U ′δ)/Y 2. (28)

Åù¼ îäíà çàìåíà äëÿ ôóíêöèè Y (ξ, δ) èìååò âèä3

Y (ξ, δ) =
√
G(η, ξ)

∣∣∣
η=U(ξ,δ)

, η = U(ξ, δ), t(ξ, δ) = ξ. (29)

Òîãäà íîâûé êëàññ òî÷íûõ ðåøåíèé ÍÄÓñ×Ï KdV îïèñûâàåòñÿ ôîðìóëàìè

M(ξ, δ) = G′η(η, ξ)/2
∣∣∣
η=U(ξ,δ)

,

T (ξ, δ) = −
√
G(η, ξ) (2 ηn + β G′′ηη(η, ξ))/2

∣∣∣
η=U(ξ,δ)

,

x(ξ, δ) = X(η, ξ)
∣∣∣
η=U(ξ,δ)

,

∂ X(η, ξ)

∂τ
= ηn + β G′′ηη/2,

∂ X(η, ξ)

∂ η
= 1/

√
G(η, ξ),

det J = −U ′δ(ξ, δ)/G(η, ξ)1/2
∣∣∣
η=U(ξ,δ)

, (30)

è ôóíêöèÿ G(η, ξ) îïðåäåëÿåòñÿ èç íîâîãî â òåîðèè ÊäÂ óðàâíåíèÿ

∂G(η, ξ)

∂ξ
/(β G(η, ξ)3/2) +

∂3 G(η, ξ)

∂η3
+ 2nηn−1/β = 0. (31)

ßêîáèàí èìååò âèä det J = −U ′δ/
√
G(η, τ)

∣∣∣
η=U(ξ,δ)

. Ôóíêöèÿ U(ξ, δ) îñòà-

åòñÿ ïðîèçâîëüíîé ãëàäêîé, òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíê-
öèåé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé (b) â ïàðàãðàôå 3. Ïóñòü t(ξ, δ) =
ξ, òîãäà ïîëó÷èì ñîîòíîøåíèÿ (21)�(24). Óñëîâèÿ ðàçðåøèìîñòè (25) â ýòîì

3â ñòàòüå, äëÿ ïðîñòîòû âûêëàäîê, ôîðìóëû ïðèâåäåíû äëÿ ïîëîæèòåëüíîé âåòâè ðåøåíèÿ, çà èñêëþ-

÷åíèåì ïðèìåðà, ãäå ýòî íåîáõîäèìî
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ñëó÷àå ñâîäÿòñÿ ê óðàâíåíèþ (24). Óðàâíåíèå t′ξ = 1 ñëåäóåò èç (14) è òîæå
ïðèíèìàåò ôîðìó (24). Êîìáèíèðóåì äâà ñîîòíîøåíèÿ (23) è (24), èñêëþ÷àåì
ôóíêöèþ T , òîãäà ñïðàâåäëèâî óðàâíåíèå (28). Ïîñëå çàìåíû ïåðåìåííûõ
(29) îïÿòü ïîëó÷èì óðàâíåíèå (31).

Èç (12), (13) ïîëó÷èì ñîîòíîøåíèÿ äëÿ ïðîèçâîäíûõ

x′ξ(ξ, δ) =
(
U ′ξ/
√
G(η, ξ) + ηn + β G′′ηη/2

)∣∣∣
η=U(ξ,δ)

,

x′δ(ξ, δ) = U ′δ/
√
G(η, ξ)

∣∣∣
η=U(ξ,δ)

.

Ïîëîæèì x(ξ, δ) = X(U(ξ, δ), ξ), òîãäà ñëåäóþò ñîîòíîøåíèÿ (30).

Äëÿ ðàçðåøèìîñòè (25) â ïåðåìåííûõ η, ξ äîëæíî áûòü âûïîëíåíî
∂2X(η,ξ)
∂η ∂ξ = ∂2X(η,ξ)

∂ξ ∂η , òîãäà ìû ïîëó÷èì óðàâíåíèå (31) ñíîâà. Ýòî îçíà÷àåò, ÷òî
òî÷íîå ðåøåíèå (28)�(31) ñóùåñòâóåò. Òåîðåìà 3 äîêàçàíà.

Ïðèìåð. Êðàòêî îïèøåì íåòðèâèàëüíîå íîâîå òî÷íîå ðåøåíèå (31), à
ñëåäîâàòåëüíî, è (1). Ïðè n = 1 óðàâíåíèå (31) èìååò ðåøåíèå G(η, ξ) =
= Ξ(θ) ñ èíâàðèàíòîì θ = η+ V ξ. Òîãäà èç (31) ñëåäóåò îáûêíîâåííîå äèô-
ôåðåíöèàëüíîå óðàâíåíèå (ÎÄÓ3). Ïåðâûé èíòåãðàë ÎÄÓ3 èìååò âèä ÎÄÓ4

Ξ′′(θ)∓ 2V/(β
√

Ξ(θ)) = −C4 − 2θ/β,
C4 � êîíñòàíòà. Ýòî íåëèíåéíîå ÎÄÓ4 ñ ïðàâîé ÷àñòüþ. Âî-âòîðûõ, ìîæíî
óìíîæèòü ÎÄÓ4 íà ôóíêöèþ Ξ′(θ). Ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì êâàäðà-
òóðó

(Ξ′(θ))2/2 + C5 + C4Ξ(θ) + 2(θΞ−
∫

Ξ(θ) dθ)/β − 4V
√

Ξ(θ)/β = 0,
C5, C4 � êîíñòàíòû. Ïîëîæèì X(η, ξ) = X1(η + V ξ). Òîãäà èç (30) ñëåäóåò
X(θ) = ±

∫
(1/
√

Ξ(θ)) dθ. Ýòî íåÿâíîå óðàâíåíèå äëÿ âû÷èñëåíèÿ ôóíêöèè
Ξ(θ).

Çàìåòèì, êðîìå òîãî, ÷òî èç ÎÄÓ4 ñëåäóåò íåàâòîíîìíàÿ äèíàìè÷åñêàÿ
ñèñòåìà
Ξ′(θ) = p(θ), p′(θ) = −C4 − 2θ/β ± 2V/β

√
Ξ(θ)). Âû÷èñëÿåì

dθ
dΞ(θ) = 1/

(
dΞ(θ)
dθ

)
= 1/p(θ), òîãäà ìàòðèöà ßêîáè2 èìååò âèä(

0 1

−2/(βp)± V/(βΞ3/2) 0

)
.

Íåïîäâèæíàÿ òî÷êà îïðåäåëÿåòñÿ âûðàæåíèÿìè p = 0, Ξ = 4V 2/(C4β+2θ)2.
Îòñþäà ñëåäóåò, ÷òî ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ íà ýêâàòîðå ñôåðû
Ïóàíêàðå ìîãóò ñóùåñòâîâàòü îñîáûå òî÷êè öåíòð èëè ñåäëî. Äàëåå ñëåäóåò
ïðîâåñòè àíàëèç ñóùåñòâîâàíèÿ áèôóðêàöèé. Ïîäðîáíîå èññëåäîâàíèå ïîêà-
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çûâàåò, ÷òî äàííîå íîâîå òî÷íîå ðåøåíèå îïèñûâàåò âîëíó íåñèììåòðè÷íóþ
ñ áîëüøèì çíà÷åíèåì ïðîèçâîäíîé íà ïåðåäíåì ôðîíòå, îòëè÷àþùóþñÿ îò
ðåøåíèÿ Ê. ßêîáè. Ýòî ðåøåíèå óïîìÿíóòî â ïàðàãðàôå 2 è ïîäðîáíî èñ-
ñëåäîâàíî, íàïðèìåð, â [8, 9, 17]. Î÷åâèäíî, ÷òî ïîëíîå èññëåäîâàíèå ýòîãî
ðåøåíèÿ äîëæíî áûòü èçëîæåíî â îòäåëüíîé ðàáîòå. Äðóãîå ðåøåíèå èìååò
âèä G(η, ξ) = ηn+2(Ψ(ϕ))′, ϕ = η3ns/2ξs, s 6= 0. Îòìåòèì, ÷òî óðàâíåíèÿ
(28), (31) ÿâëÿþòñÿ íîâûìè â òåîðèè óðàâíåíèÿ ÊäÂ.

Çàìå÷àíèå 1. Äëÿ óðàâíåíèÿ Êîðòåâåãà�äå Âðèçà�Áþðãåðñà [1�3, 9, 17],
â êîòîðîì â óðàâíåíèå (1) äîáàâëåíû âòîðûå ïðîèçâîäíûå (äèññèïàöèÿ) íå
ñóùåñòâóåò ðåøåíèÿ, ïîñòðîåííîãî ìåòîäîì ÍÔÊÇÏ, àíàëîãè÷íîãî ïîñòðîåí-
íîìó â òåîðåìå 3. Ïðè äîêàçàòåëüñòâå òåîðåìû 3 ìû òðè ðàçà ïîëó÷àåì îäíî
è òîæå óðàâíåíèå (28), (31). Â óðàâíåíèè ñ äèññèïàöèåé ýòîãî íå ïðîèñõî-
äèò, òàê êàê ïîëó÷àþòñÿ ðàçëè÷íûå óðàâíåíèÿ, îòëè÷àþùèåñÿ ñëàãàåìûìè,
ñâÿçàííûìè ñ äèññèïàöèåé.

6. Âîçìîæíîñòü ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ðåøåíèé óðàâíå-
íèÿ (31) è â öåëîì óðàâíåíèÿ ÊäÂ ñ ôóíêöèîíàëüíûì ïðîèçâîëîì.

Çàìå÷àíèå 2. Ïîêàæåì, ÷òî â âûðîæäåííîì ñëó÷àå èç ïðèâåä¼ííûõ â
òåîðåìå 3 ôîðìóë ñëåäóþò êëàññè÷åñêèå ðåçóëüòàòû. ßêîáèàí (16) ðàâåí íó-
ëþ íà ãðóïïå ïðåîáðàçîâàíèé ñäâèãà U(ξ, δ) = U0(δ−V ξ), èëè åñëè ôóíêöèÿ
ïåðâîé ïðîèçâîäíîé Y (ξ, δ) =
= Y0(U(ξ, δ)) çàâèñèò òîëüêî îò ôóíêöèè U(ξ, δ). Ýòî ñëó÷àé âûðîæäåíèÿ
è ìåòîä ÍÔÊÇÏ íåïðèìåíèì. Åñëè Y (ξ, δ) = Y0(U(ξ, δ)), òîãäà ôóíêöèÿ
G(η, ξ) = G(η) òîãäà èç óðàâíåíèé (28), (31) ìû ïîëó÷èì óðàâíåíèå äëÿ
ôóíêöèè ïåðâîé ïðîèçâîäíîé Y (ξ, δ) (4) Y 2(η) = −2 η2+n/(β(n+ 1)(n+ 2)) +
C1 + C2 η + C3 η

2, n 6= −1,−2.
Ýòî àíàëîã ÎÄÓ â íà÷àëå ïàðàãðàôà 2.

Äëÿ ïðèìåðà, ìû âûáåðåì çàãîòîâêó äëÿ ïîñòðîåíèÿ ïðèáëèæåííîãî
àñèìïòîòè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (31), ïî ìàëîìó ïàðàìåòðó 0 < ε < 1
ìåòîäîì, ïîõîæèì íà ìåòîä Ïóàíêàðå�Ëàéòõèëà�Ãî, êîòîðûé àêòèâíî ïðè-
ìåíÿëñÿ â [6, 7], â âèäå

G(η, ξ, ε) = −2ηn+2/(β(n+ 1)(n+ 2)) (1 + s ε ησ−n−2ψ(η, ξ) +O(ε2)) +

+C1(1 + ε ησρ(η, ξ) +O(ε2)) + C2η (1 + ε η−1+σϕ(η, ξ) +O(ε2)) +

+C3η
2 (1 + ε η−2+σµ(η, ξ) +O(ε2)). (32)

Çäåñü s, σ � êîíñòàíòû. Ñóùåñòâóþò ôóíêöèè ïîïðàâêè ψ(η, ξ), ρ(η, ξ),
ϕ(η, ξ), µ(η, ψ) ïîðÿäêà ε, êîòîðûå óäîâëåòâîðÿþò ëèíåéíîé ÄÓñ×Ï. Êî-
ýôôèöèåíò ïåðåä ôóíêöèÿìè ïîïðàâîê ψ(η, ξ), ψ(η, ξ), ϕ(η, ξ), µ(η, ξ) ìîæíî
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âûáðàòü ðàçíûìè ñïîñîáàìè. Ðàçðåøàÿ ËÄÓñ×Ï, îäíó èç ôóíêöèé ìîæíî
âûðàçèòü ÷åðåç îñòàëüíûå. Ïðîèçâîëüíûé âûáîð òàêîé ôóíêöèè ìîæíî èñ-
ïîëüçîâàòü äëÿ ðåøåíèÿ çàäà÷è Êîøè. Ìîæíî ðàññìîòðåòü âàðèàíò, â êî-
òîðîì íàäî ïðèðàâíÿòü âñå ÷åòûðå ôóíêöèè ïîïðàâîê. Ïîäðîáíîìó âû÷èñ-
ëåíèþ àñèìïòîòè÷åñêèõ ðåøåíèé óðàâíåíèÿ ÊäÂ äîëæíà áûòü ïîñâÿùåíà
îòäåëüíàÿ ðàáîòà.

7. Âòîðîé êëàññ òî÷íûõ ðåøåíèé óðàâíåíèÿ Êîðòåâåãà�äå Âðèçà

Îïèñàíèå ýòîãî êëàññà ïðèâåäåì êîðîòêî. Âòîðîé êëàññ ðåøåíèé áîëåå
ñëîæíûé, ÷åì ïåðâûé.

Òåîðåìà 4. Ïóñòü äàíà ñèñòåìà (5)�(8), (10). Òîãäà òî÷íîå ðåøåíèå
ÍÄÓñ×Ï ÊäÂ (1) èìååò âèä

Y (ξ, δ) =
√
G(η, δ)

∣∣∣
η=U(ξ,δ)

, η = U(ξ, δ), x(ξ, δ) = δ, (33)

M(ξ, δ) = M0(η, δ)
∣∣∣
η=U(ξ,δ)

, t(ξ, δ) = τ(η, δ)
∣∣∣
η=U(ξ,δ)

, (34)

M0(η, δ) = G′δ(η, δ)/(2
√
G(η, δ)) +G′η(η, δ)/2. (35)

Ôóíêöèÿ T (ξ, δ) îïðåäåëåíà â (17). Ïîñëå çàìåíû (33)�(35) ïîëó÷èì

T (ξ, δ) = T0(U(ξ, δ), δ)
∣∣∣
U(ξ,δ)=η

. Òîãäà T0(η, δ) =

= −
(√

G(η, δ)(βM ′
0 δ(2M0 −G′η(η, δ)) +G′δ(η, δ)(η

n + βM ′
0 η)/G

′
δ(η, δ)

)
=

= −ηn
√
G(η, δ) + β(G′δ)

2/(4
√
G3)− βG′′δδ/(2

√
G) + β ∂G(η,δ)

∂δ
∂G(η,δ)
∂η /(4G)−

−β ∂
2G(η,δ)
∂η∂δ − β

√
G∂2G(η,δ)

∂η2 /2.

Òîãäà óðàâíåíèå äëÿ ôóíêöèè ïåðâîé ïðîèçâîäíîé Y (ξ, δ) =
√
G(η, δ)

∣∣∣
η=U(ξ,δ)

â íîâûõ ïåðåìåííûõ îòäåëÿåòñÿ îò îñòàëüíûõ óðàâíåíèé è çàâèñèò òîëüêî îò
ôóíêöèè U(ξ, δ), è åå ïðîèçâîäíûõ :

∂3G(η, δ)

∂η3
+ 3

∂3G(η, δ)

∂η∂δ2
/G+ 3

∂3G(η, δ)

∂η2∂δ
/
√
G(η, δ)−

−3
(
G′δ +

√
GG′η

) ∂2G(η, δ)

∂η∂δ
/(2G2) + 3

∂G(η, δ)

∂δ

(
∂G(η, δ)

∂η

)2

/(4
√
G5)−

−3
(
−(G′δ)

2 +GG′′ηη
) ∂G(η, δ)

∂η
/(2G3) +

∂3G(η, δ)

∂δ3
/
√
G3 +

+2nηn−1/β − 3G′δG
′′
δδ/(2

√
G5) + 3(G′δ)

3/(4
√
G7) + ηnG′δ/(β

√
G3) = 0. (36)
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Ïðîèçâîäíûå ôóíêöèè τ(η, δ) èìåþò âèä

τ ′δ(η, δ) = 4 G2(η, δ)/Ψ2, τ ′η(η, δ) = −4
√
G3(η, δ)/Ψ2,

Ψ2 = 4ηnG2(η, δ)− β(G′δ)
2 + 2βGG′′δδ − β

√
GG′δG

′
η + 4β

√
G3G′′δη + 2βG2G′′ηη.

Ôóíêöèÿ U(ξ, δ) � ïðîèçâîëüíàÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ
ôóíêöèåé.

Äîêàçàòåëüñòâî.

Ïîëîæèì x(ξ, δ) = δ, x′ξ(ξ, δ) = 0, x′δ(ξ, δ) = 1, òîãäà èç (12),(13) ñëåäóþò
óðàâíåíèÿ

β Y (ξ, δ)
(
T ′δ(ξ, δ) M

′
ξ(ξ, δ)− T ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
U ′ξ(ξ, δ) +

+T1(ξ, δ)
(
T ′δ(ξ, δ) U

′
ξ(ξ, δ)− T ′ξ(ξ, δ) U ′δ(ξ, δ)

)
U ′ξ(ξ, δ) +

+β T (ξ, δ)
(
M ′

δ(ξ, δ) U
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) U
′
δ(ξ, δ)

)
Y ′ξ (ξ, δ) = 0, (37)

(β Y (ξ, δ)
(
T ′δ(ξ, δ) M

′
ξ(ξ, δ)− T ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
U ′δ(ξ, δ) +

+T1(ξ, δ)
(
T ′δ(ξ, δ) U

′
ξ(ξ, δ)− T ′ξ(ξ, δ) U ′δ(ξ, δ)

)
U ′δ(ξ, δ) +

+β T (ξ, δ)
(
M ′

δ(ξ, δ) U
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) U
′
δ(ξ, δ)

)
Y ′δ (ξ, δ))/Ψ = 1, (38)

Âûðàæåíèå äëÿ ôóíêöèè T (ξ, δ) ñëåäóåò èç âûðàæåíèÿ (17). Èñïîëüçóÿ
(37),(38), ïîñëå çàìåíû (33),(34) ïîëó÷èì ñîîòíîøåíèå (35). Èñïîëüçóÿ
(14), (15), ïîñëå çàìåíû (33)-(35) ìû ïîëó÷èì ñîîòíîøåíèÿ íà ïðîèçâîäíûå
τ ′δ(η, δ), τ

′
η(η, δ), ãäå èñïîëüçóåì ñîîòíîøåíèÿ (36). Äàëåå äåëàåì óïðîùåíèÿ.

Âûðàçèì òðåòüþ ïðîèçâîäíóþ ∂3G(η,δ)
∂η3 èç óðàâíåíèÿ (36) è èñêëþ÷èì åå èç

ñîîòíîøåíèé íà ïåðâûå ïðîèçâîäíûå τ ′δ(η, δ), τ
′
η(η, δ).

Êðîìå óñëîâèÿ ðàçðåøèìîñòè (25) â ïåðåìåííûõ η, δ, â äàííîé ñèòóàöèè

òàêæå äîëæíû áûòü âûïîëíåíû ∂2τ(η,δ)
∂η ∂δ = ∂2τ(η,δ)

∂δ ∂η . Çäåñü ïîñëå çàìåíû (33)�
(35) îïÿòü ïîëó÷èì óðàâíåíèå (36). Ýòî îçíà÷àåò, ÷òî òî÷íîå ðåøåíèå (33)�
(36) ñóùåñòâóåò.

Èç óðàâíåíèÿ x′δ = 1, êîòîðîå èìååò âèä (38) ñ ïîìîùüþ (33)�(35) îïÿòü
ïîëó÷èì óðàâíåíèå (36). Òåîðåìà 4 äîêàçàíà.

Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå òåîðåìû 4 òðè ðàçà âîçíèêàåò îäíî è
òîæå óðàâíåíèå (36). Â óðàâíåíèè Êîðòåâåãà�äå Âðèçà�Áþðãåðñà ñ äèññèïà-
öèåé ýòîãî íå ïðîèñõîäèò.

8. Íîâûé êëàññ òî÷íûõ ðåøåíèé óðàâíåíèÿ Ãàððè Äèìà. Ïðè-
ìåíèì âïåðâûå ìåòîä ÍÔÊÇÏ, àíàëîãè÷íî òåîðåìàì 1�4, ê óðàâíåíèþ Ãàððè
Äèìà

∂Z(x, t)

∂t
+ Zα∂

3Z

∂x3
= 0. (39)
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Ñäåëàåì çàìåíó ïåðåìåííûõ (2)�(7). Óðàâíåíèå (8) ñëåäóåò èç (39) èìååò âèä

∂M

∂ξ

∂t

∂δ
− ∂M

∂δ

∂t

∂ξ
= −T (ξ, δ) det J U−α. (40)

Ìû èìååì ñèñòåìó (5), (6), (40), (10). Ñïðàâåäëèâû òåîðåìû àíàëîãè÷íûå
1�4.

Òåîðåìà 5. Ïóñòü äàíà ñèñòåìà ÷åòûðåõ óðàâíåíèé (5), (6), (40), (10)
îòíîñèòåëüíî ïðîèçâîäíûõ (11). Òîãäà ÑÔËÀÓ (5), (6), (40), (10) èìååò åäèí-
ñòâåííîå ðåøåíèå

∂x

∂ξ
= ((Y (ξ, δ)

(
M ′

δ(ξ, δ) T
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) T
′
δ(ξ, δ)

)
U ′ξ(ξ, δ) +

+T (ξ, δ)
(
U ′δ(ξ, δ) M

′
ξ(ξ, δ)− U ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
Uα + T (ξ, δ) U ′ξ(ξ, δ)×

×
(
U ′δ(ξ, δ) T

′
ξ(ξ, δ)− U ′ξ(ξ, δ) T ′δ(ξ, δ)

)
)/Ψ1, (41)

∂x

∂δ
= (T (ξ, δ) U ′δ(ξ, δ)

(
T ′δ(ξ, δ) U

′
ξ(ξ, δ)− T ′ξ(ξ, δ) U ′δ(ξ, δ)

)
+

+Uα (Y (ξ, δ)
(
T ′δ(ξ, δ) M

′
ξ(ξ, δ)− T ′ξ(ξ, δ) M ′

δ(ξ, δ)
)
U ′δ(ξ, δ) +

+T (ξ, δ)
(
M
′
δ(ξ, δ) U

′
ξ(ξ, δ)−M ′

ξ(ξ, δ) U
′
δ(ξ, δ)

)
Y ′δ (ξ, δ))/Ψ1, (42)

∂t

∂ξ
=
(
Y (ξ, δ) M

′
ξ(ξ, δ) U

α + T (ξ, δ) U ′ξ(ξ, δ)
)
×

×
(
Y ′δ (ξ, δ) U

′
ξ(ξ, δ)− Y ′ξ (ξ, δ) U ′δ(ξ, δ)

)
/Ψ1, (43)

∂t

∂δ
= (Y (ξ, δ) M ′

δ(ξ, δ) U
α + T (ξ, δ) U ′δ(ξ, δ))×

×
(
Y ′ξ (ξ, δ) U

′
δ(ξ, δ)− Y ′δ (ξ, δ) U ′ξ(ξ, δ)

)
/Ψ1,

Ψ1 = (Y (Y
(
M ′

δ(ξ, δ) T
′
ξ(ξ, δ)−M ′

ξ(ξ, δ) T
′
δ(ξ, δ)

)
+

+T
(
Y ′δ (ξ, δ) M

′
ξ(ξ, δ)− Y ′ξ (ξ, δ) M ′

δ(ξ, δ)
)
) Uα +

+T (Y
(
U ′δ(ξ, δ) T

′
ξ(ξ, δ)− U ′ξ(ξ, δ) T ′δ(ξ, δ)

)
+

+T
(
Y ′δ (ξ, δ) U

′
ξ(ξ, δ)− Y ′ξ (ξ, δ) U ′δ(ξ, δ)

)
)). (44)

Ôóíêöèþ T (ξ, δ) ìû ìîæåì îïðåäåëèòü èç (7) àíàëîãè÷íî (17).

Ïðèâåäåííàÿ òåîðåìà 5 àíàëîãè÷íà òåîðåìå 1, ïîýòîìó å¼ äîêàçàòåëüñòâî
ïðîâîäèòñÿ àíàëîãè÷íî.
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Òåîðåìà 6. Ïóñòü äàíà ñèñòåìà (5)�(7), (10), (40). Òîãäà ïîñëå çàìåíû
ïåðåìåííûõ óðàâíåíèå äëÿ ôóíêöèè ïåðâîé ïðîèçâîäíîé Y (ξ, δ) â íîâûõ ïå-
ðåìåííûõ îòäåëÿåòñÿ îò îñòàëüíûõ óðàâíåíèé è çàâèñèò òîëüêî îò ôóíêöèè
U(ξ, δ) è å¼ ïðîèçâîäíûõ:

∂

∂δ

(
U(ξ, δ)α

(
∂

∂δ
(Y Y ′δ) /U

′
δ

)
/U ′δ

)
= (Y ′δU

′
ξ − Y ′ξU ′δ)/Y 2. (45)

Çàìåíà ïåðåìåííûõ äëÿ ôóíêöèè Y (ξ, δ) èìååò âèä

Y (ξ, δ) =
√
G(η, ξ)

∣∣∣
η=U(ξ,δ)

, η = U(ξ, δ), t(ξ, δ) = ξ, (46)

ãäå ãëàäêàÿ ôóíêöèÿ G(η, ξ) îïðåäåëÿåòñÿ óðàâíåíèÿìè

G(η, ξ)−3/2∂G(η, ξ)

∂ξ
+

∂

∂η

(
ηα
∂2G(η, ξ)

∂η2

)
= 0. (47)

Òîãäà ñóùåñòâóåò òî÷íîå ðåøåíèå ÍÄÓñ×Ï ÃÄ (39), êîòîðîå îïèñûâàåòñÿ
ôîðìóëàìè

M(ξ, δ) = G′η(η, ξ)/2
∣∣∣
η=U(ξ,δ)

, T (ξ, δ) = −ηα
√
G(η, ξ)G′′ηη(η, ξ)/2

∣∣∣
η=U(ξ,δ)

,

x(ξ, δ) = X(η, ξ)
∣∣∣
η=U(ξ,δ)

,
∂ X(η, ξ)

∂ξ
= ηαG′′ηη/2,

∂X(η, ξ)

∂η
= 1/

√
G(η, ξ),

det J = −U ′δ(ξ, δ)/G(η, ξ)1/2
∣∣∣
η=U(ξ,δ)

. (48)

Ôóíêöèÿ U(ξ, δ) � ïðîèçâîëüíàÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ
ôóíêöèÿ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû 6 àíàëîãè÷íî äîêàçàòåëü-
ñòâó òåîðåìû 3. Ðàññìîòðèì íåïîäâèæíóþ òî÷êó â (44) t(ξ, δ) = ξ, t′δ = 0, è
èç (40) ïîëó÷èì ñîîòíîøåíèÿ

M ′
δ(ξ, δ) = −U ′δ(ξ, δ)TU−α/Y, t(ξ, δ) = ξ, M(ξ, δ) = Y ′δY (ξ, δ)/U ′δ(ξ, δ). (49)

Ïðèðàâíèâàÿ ïðîèçâîäíûå èç (49) M ′
δ ≡M ′

δ, ïîëó÷èì

T (ξ, δ) = −UαY

(
∂

∂δ
(Y Y ′δ/U

′
δ)

)
/U ′δ. (50)

Èñïîëüçóåì óðàâíåíèå (43) t′ξ = 1 è ïîëó÷èì

∂

∂δ
(T (ξ, δ)/Y (ξ, δ)) +

(
Y ′δU

′
ξ − Y ′ξU ′δ

)
/Y 2 = 0. (51)
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Èñêëþ÷àÿ èç (50) è (51) ôóíêöèþ T , ìû ïîëó÷èì (45) è (48). Èç óñëîâèé
ðàçðåøèìîñòè (25) îïÿòü ñëåäóþò óðàâíåíèÿ (45) è (48). Ïîëîæèì x(ξ, δ) =
X(U(ξ, δ), ξ), òîãäà ïîëó÷èì ñîîòíîøåíèÿ äëÿ ïðîèçâîäíûõ (47). Èç óðàâ-

íåíèé (47) òàêæå ìîæåì ïîëó÷èòü óñëîâèå ðàçðåøèìîñòè ∂2X(η,ξ)
∂η∂ξ = ∂2X(η,ξ)

∂ξ∂η ,
êîòîðîå äîëæíî áûòü âûïîëíåíî. Îòñþäà òàêæå îïÿòü ñëåäóþò óðàâíåíèÿ
(45), (48). Òåîðåìà 6 äîêàçàíà.

Îòìåòèì, ÷òî óðàâíåíèÿ (45), (48) ÿâëÿþòñÿ íîâûìè â òåîðèè óðàâíå-
íèÿ ÃÄ è îíè ïðè äîêàçàòåëüñòâå òåîðåìû 6 ïîÿâëÿþòñÿ òðè ðàçà. Ýòîãî íå
ïðîèñõîäèò â óðàâíåíèè ÃÄ�Áþðãåðñà ñ äèññèïàöèåé.

7. Âòîðîé êëàññ òî÷íûõ ðåøåíèé óðàâíåíèÿ Ãàððè Äèìà. Âòîðîé
êëàññ ðåøåíèé áîëåå ñëîæíûé, ÷åì ïåðâûé.

Òåîðåìà 7. Ïóñòü äàíà ñèñòåìà (5), (6), (40), (10). Òîãäà òî÷íîå ðåøåíèå
ÍÄÓñ×Ï ÃÄ (39) èìååò âèä

Y (ξ, δ) =
√
G(η, δ)

∣∣∣
η=U(ξ,δ)

, η = U(ξ, δ), x(ξ, δ) = δ, (52)

M(ξ, δ)
def
= M0(U(ξ, δ), δ)

∣∣∣
U(ξ,δ)=η

,

M0(η, δ) =
(
G′δ(η, δ)/

√
G(η, δ) +G′η(η, δ)

)
/2,

t(ξ, δ) = τ(U(ξ, δ), δ). (53)

Ôóíêöèÿ T (ξ, δ) îïðåäåëåíà èç (7)

T (ξ, δ) = T0(U(ξ, δ), δ)
∣∣∣
U(ξ,δ)=η

.

Òîãäà T0(η, δ) =

(1/G′δ(η, δ))
(
ηα
√
G(η, δ)(M ′

0δ(η, δ)(−2M0+G′η(η, δ))−G′δ(η, δ)M ′
0η(η, δ))

)
=

= ηn(G′δ)
2/(4

√
G(η, δ)

3−ηαG′′δδ/(2
√
G)+ηαG′δG

′
η/(4 G)−ηαG′′δη−ηα

√
GG′′ηη/2.

Óðàâíåíèå äëÿ ôóíêöèè ïåðâîé ïðîèçâîäíîé

Y (ξ, δ) =
√
G(η, δ)

∣∣∣
U(ξ,δ)=η

â íîâûõ ïåðåìåííûõ îòäåëÿåòñÿ îò îñòàëüíûõ óðàâíåíèé è çàâèñèò òîëüêî
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îò ôóíêöèè U(ξ, δ) è å¼ ïðîèçâîäíûõ :

∂3G(η, δ)

∂η3
+ 3

∂3G(η, δ)

∂η∂δ2
/G+ 3

∂3G(η, δ)

∂η2∂δ
/
√
G(η, δ) + αG′′ηη/η +

+
(

2α/(η
√
G)− 3G′δ/(2G

2)− 3G′η/(2
√
G3)
) ∂2G(η, δ)

∂η∂δ
+

+3
∂G(η, δ)

∂δ

(
∂G(η, δ)

∂η

)2

/(4
√
G5) +

∂3G(η, δ)

∂δ3
/
√
G3 − α(G′δ)

2/(2 η G2) +

+
(
−αG′δ/(2η

√
G3) + 3(G′δ)

2/(2G3)− 3G′′δδ/(2G
2)
) ∂G(η, δ)

∂η
+

+
(
α/(ηG)− 3G′δ/(2G

5/2)
)
G′′δδ + 3(G′δ)

3/(4
√
G7) = 0. (54)

Ïðîèçâîäíûå ôóíêöèè τ(η, δ) èìåþò âèä

τ ′δ(η, δ) = 4η−αG3/2(η, δ)/Ψ3, τ
′
η(η, δ) = −4η−α

√
G2(η, δ)/Ψ3,

Ψ3 = (G′δ)
2 +
√
GG′δG

′
η − 2G

(
G′′δδ + 2

√
GG′′δη +GG′′ηη

)
. (55)

Ôóíêöèÿ U(ξ, δ) � ïðîèçâîëüíàÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ
ôóíêöèÿ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû
4.

Ïîëîæèì x(ξ, δ) = δ, x′ξ(ξ, δ) = 0, x′δ(ξ, δ) = 1, òîãäà èç (41), (42) ñëåäóþò
äâà óðàâíåíèÿ. Âûðàæåíèå äëÿ ôóíêöèè T (ξ, δ) ñëåäóåò èç âûðàæåíèÿ (7),
àíàëîãè÷íî (37), (38). Èñïîëüçóÿ çàìåíû (52),(53) ïîëó÷èì ñîîòíîøåíèå
T0(η, δ) è çàòåì (53) M0(η, δ) è óðàâíåíèå (54). Âû÷èñëÿåì ïåðâûå è âòîðûå
ïðîèçâîäíûå îò ýòèõ ôóíêöèé, èñïîëüçóåìûå â äàëüíåéøåì äëÿ óïðîùåíèé
ïîëó÷åííûõ âûðàæåíèé. Èñïîëüçóÿ çàìåíû (52), (53) ïîëó÷èì ñîîòíîøåíèÿ
íà ïðîèçâîäíûå (55) τ ′δ(η, δ), τ

′
η(η, δ).

Óñëîâèÿ ðàçðåøèìîñòè (25) â ïåðåìåííûõ η, δ òàêæå äîëæíû áûòü âû-

ïîëíåíû ∂2τ(η,δ)
∂η∂δ = ∂2τ(η,δ)

∂δ∂η . Çäåñü îïÿòü ïîëó÷èì óðàâíåíèå (54).

Òåîðåìà 7 äîêàçàíà.

Çàìå÷àíèå 3. Â òåîðåìàõ 4, 5, 7, 8 îïèñàíà òîëüêî îäíà âåòâü ðåøåíèÿ,
çà èñêëþ÷åíèåì ïðèìåðà, ãäå íåîáõîäèìî îïèñàòü îáå âåòâè. Ôîðìóëû äëÿ
îòðèöàòåëüíîé âåòâè ðåøåíèÿ Y (ξ, δ) = −

√
G(η, ξ) âûâîäÿòñÿ àíàëîãè÷íî.

Áëàãîäàðíîñòè
Àâòîðû áëàãîäàðíû Â.Ï. Ìàñëîâó, Ì.Â. Êàðàñåâó, Â.Ã. Äàíèëîâó,

Â.Ô. Çàéöåâó çà âíèìàíèå ê ðàáîòå è ïîëåçíûå ñîâåòû.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 212



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2017

Ñïèñîê ëèòåðàòóðû

[1] Ìàñëîâ B. Ï. Àñèìïòîòè÷åñêèå ìåòîäû è òåîðèÿ âîçìóùåíèé. � Ì.: Íàóêà. 1988, 312 ñ.

[2] Ìàñëîâ B. Ï., Öóïèí Â. À. Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè, 1977, �8, ñ. 273.

[3] Maslov V. P., Omel'yanov G. A. Geometric Asymptotics for Nonlinear PDE // Amer. Math. Soc.
Providence 2001, v. 202, 360 p.

[4] Ìàñëîâ B. Ï. Êâàíòîâàÿ ýêîíîìèêà. � Ì.: Íàóêà, 2007. � 80 ñ.

[5] Ìàñëîâ Â. Ï., Äàíèëîâ Â. Ã., Âîëîñîâ Ê. À. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå òåõíîëîãè÷åñêèõ
ïðîöåññîâ èçãîòîâëåíèÿ ÁÈÑ. � Ì.: ÌÈÝÌ, 1984.

[6] Ìàñëîâ Â. Ï., Äàíèëîâ Â. Ã., Âîëîñîâ Ê. À. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ òåïëî-
ìàññîïåðåíîñà (ýâîëþöèÿ äèññèïàòèâíûõ ñòðóêòóð). Ñ äîáàâëåíèåì Í.À.Êîëîáîâà. � Ì.: Íà-
óêà, 1987.

[7] Maslov V. P., Danilov V. G., Volosov K. A. Mathematical Modelling of Heat and Mass Transfer
Processes. � Kluver Academic Publishers. Dordrecht, Boston, London, 1995. � 316 p.

[8] Clarkson P. A., Kruskal M. D. New sinilarity reduction of the Boussinesq equation // J.Math.Phys.,
1989, V. 30, �10, pp. 2201�2213.

[9] Solitons. Edited by R. K. Bullough, P. J. Caudrey with contributions by R. K. Bullought, F.
Calogero, P. J. Caudrey, A. Degasperis, L. D. Faddev, H. M. Gibbs, R. Hirota, G. L. Lamb, Jr. A.
H. Luther, D. W. McLaughlin, A. C. Newell, S. P. Novikov, M. Toda, M. Wadati, V. E. Zakharov.
� New Yurk. 1980.

[10] Âîëîñîâ K. A. Ìàò. çàìåòêè 1994, Ò. 56, Â. 6, Ñ.122-126. English transl. Transformation
of Approximate solutions of liner parabolic equations into asymptotic solutions of quasilinear
parabolic equations // Mathematical Notes. 1994. Vol. 56. No 5�6, pp. 1295�1299.

[11] Âîëîñîâ K. A. // Äèôô. óðàâí. 2007, Ò. 43, No 4, C. 492�497. English transl. Di�erential
Equations. Pleiades Publishing Ltd., ISSN 0012�2661. Vol. 43, No 4, p. 507�512, 2007.

[12] Volosova A. K., Volosov K. A. Construction Solutions of PDE in Parametric Form // Hindawi
Publ. Corp., Int. Journal of Mathematics and Mathematical Sciences. V. 2009, Article ID 319269,
17 p., http://www.hindawi.com/journals/ijmms/2009/319269.htmt.
doi:10.1155/2009/319269

[13] Volosova A. K., Volosov K. A. Stochastic systems under periodic and white noise external
excitation // The 3rd International Conference on Nonlinear Dynamics Nd-KhPI 2010, Kharkov,
Ukraine, p. 437�442.

[14] Âîëîñîâ Ê. À. Êîíñòðóèðîâàíèå ðåøåíèé êâàçèëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè // Ñèáèðñêèé æóðíàë èíäóñòðèàëüíîé ìàòåìàòèêè. 2008, ò. XI, 2 (34), 29�39 ñ. English
transl. Construction of solutions of PDE. Journal of Applied and Industtrial Mathematics, 2009,
V. 3, N. 4, pp. 519�527.

[15] Volosov K. A. Doctorial dissertation, MIEM, Moscow, Russia, MIIT, 2007,
http://eqworld.ipmnet.ru dis volosov Doc2007.pdf

[16] Âîëîñîâ Ê. À. Ôîðìóëû äëÿ òî÷íûõ ðåøåíèé êâàçèëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèç-
âîäíûìè â íåÿâíîé ôîðìå // ÄÀÍ, 2008, ò. 418, ñ. 11�14. English transl. Implicit Formulas
for Exaxt Solutions of Quasilinear Pathial Di�erential Equations. ISSN 1064-5624, Doklady
Mathematics, 2008, Vol. 77, No 1, pp. 1�4, ïðåäñòàâëåíî àêàäåìèêîì Â.Ï. Ìàñëîâûì.

[17] Kudrashov N. A. From singular manifold to integrable evolution equations // J.Phys.A: Math.
Gen. 27, (1994), 2457�2470. print in the UK.

[18] Volosov K. A., Vdovina E. K., Volosova A. K. Accompany matrix of the Korteweg � de Vries
equation. International conference on the di�erential equations // Samara�Di� 2011, 26�30 june
2011, p. 32�33. Math-Net.Ru, Google Schoar, ZentralBlatt.

[19] Volosov K. A., Vdovina E. K., Volosova A. K. Accompany matrix of the Korteweg � de Vries
equation // 8th International ISAAC Congress. Moscow, 22�27 august 2011, p. 278. Math-Net.Ru,
Google Schoar, ZentralBlatt.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 213



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2017

[20] Volosov K. A., Vdovina E. K. About expansion of number of models which have pairs of Lax's //
International Journal Equation and Applications. 2012, v. 11, No 1, p. 27�30.

[21] Âîëîñîâà Í. Ê., Âîëîñîâ Ê. À., Âîëîñîâà À. Ê., Âàêóëåíêî Ñ. Ï. Ê òåîðèè óðàâíåíèÿ Êîðòåâå-
ãà � äå Âðèçà // LXX Måæäóíàðîäíàÿ êîíôåðåíöèÿ, ïîñâÿùåííàÿ 220-ëåòèþ Óíèâåðñèòåòà.
Ðîññèéñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè À. È. Ãåðöåíà. 10�15 àï-
ðåëÿ 2017, ñ. 38�52. The theory adding to equation of Korteweg � de Vries. LXX International
jubilee conference. St. Peterburg. Herzen State Pedagogical University of Russia, 10�15 April 2017,
p. 38�52.

[22] Bratus À. S., Volosov Ê. À. Regularization of the Hamilton�Jacobi�Bellman equation with
nonlinearity of the module type in optimal control problems // Journal of Mathematical Sciences.
Publisher cosultarts Bureau. An Inprint of Springer Verlag New�York LLG. � april 2005 � Vol.126.
No 6. � P. 1542�1552.
http://dx.doi.org/10.1007/s10958-005-0042-1,
http://www.springeronline.com/authors ISSN 1072�3374 (paper) 1573-8795 (Online) DoI
10.1007/s10958-005-0042.

[23] Áðàòóñü À. Ñ., Âîëîñîâ Ê. À. Òî÷íûå ðåøåíèÿ óðàâíåíèÿ Áåëëìàíà äëÿ çàäà÷ îïòèìàëüíîé
êîððåêöèè ñ èíòåãðàëüíûì îãðàíè÷åíèåì íà ñóììàðíûé ðåñóðñ óïðàâëåíèÿ // ÏÌÌ. 2004,
Ò. 68, No 5, Ñ. 48�55. Engl. tran. in J.Appl.Math. and Mech. Bratus À.S., Volosov Ê. À. Exact
solutions of the Hamilton�Jacobi�Bellman equation for problems of optimal correction with a
limited total control resourse. (Russian) Prikl.Mat.Mekh. 68 (2004), p. 819�832.

[24] Volosov K. A., Danilov V. G., Maslov V .P. Combustion wave asymptotics in nonlinear
inhomogeneous media with slowly varying properties // Dokl. Akad. Nauk SSSR 290:5 (1986),
1089�1094 (Russian); English transl. in Soviet Math. Dokl.

[25] Volosov K. A., Danilov V. G., Maslov V. P. Weak discontinuity structure of solutions of quasilinear
parabolic equations // Mat. Zametki 43:6 (1988), 829�838 (Russian); English transl. in Math.
Notes.

[26] Ìàñëîâ Â. Ï., Öóïèí Â. À. δ-îáðàçíûå îáîáù¼ííûå ïî Ñîáîëåâó ðåøåíèÿ êâàçèëèíåéíûõ
óðàâíåíèé // ÓÌÍ, 1979, ò. 34, No 1 (205), 235�236. Ì.: Íàóêà, 1987. English transl. δ-shaped
Sobolev generalized solutions of quasilinear equations. Russian mathematical Surveys. 1979. V. 34,
No 1 (205), 231�236.
http://dx.doi. org/10. 1070/RM1979v034n01ABEH002884

[27] Ìàñëîâ Â. Ï., Îìåëüÿíîâ Ã. À., Öóïèí Â. À. Asymptotics of some di�erential and
pseudodi�erential equations, and dynamical systems with small dispersion. Math. USSR � Sb.
50:1 (1985), 191�212.

[28] Ìàñëîâ Â. Ï., Öóïèí Â. À. Ðropagation of a shock wave in an isentropic gas with small viscosity
// Journal of Soviet Mathematics. 1980. V. 13, No 1, pp. 163�185.

[29] Ìàñëîâ Â. Ï., Îìåëüÿíîâ Ã. À. Àñèìïòîòè÷åñêèå ñîëèòîíîîáðàçíûå ðåøåíèÿ óðàâíåíèé ñ
ìàëîé äèñïåðñèåé // ÓÌÍ, 1981, ò. 36, No 3, 235�236. Asymptotic soliton � form solutions of
equations with small dispersion. Russian math. Surveys, V. 36, No 3, (1981), pp. 73�149.

[30] Dobrochotov S., Maslov V. Multyphase asymptotics of nonlinear partial equations with a small
parameter // Tn. Sov. Science rev., Phys. Rev., 1981. Amsterdam: Over Publ. Ass, 1982.

[31] Maslov V. P., Omel'yanov G. A. Soliton�like asymptotics of internal waves in a strati�ed �uid
with small dispersion (Russian) Di�erentsial'nye Uravneniya V. 21. (1985), No 10, 1766�1775,
1837.

[32] Maslov V. P. Three algebras corresponding to nonsmooth solutions of quasilinear hiperbolic
equations // Uspekhi Math. Nauk, V. 35, (1980) (Russian); Englis transl. in Russian Math.Surveys.

[33] Maslov V. P. The Complex WKB Method for Nonlinear Equations. I.Linear Theory. � Birkh�auser,
Basel � Boston � Berlin, 1994.

[34] Maslov V. P. Nonstandard characteristics in asymptotic problems // Uspeki Mat. Nauk V. 38:6
(1983), pp. 3�36.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 214


